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A B S T R A C T  

T h i s  paper was s t imula ted  by numerous s t u d i e s  of manned 
space experiments where there seemed need f o r  a t reatment  of t h e  
"weightless environment" t h a t  w a s  complete, phys ica l ly  or ien ted ,  
and emphasizing a n a l y t i c a l  r a t h e r  than numerical r e s u l t s .  

The mathematical problem, which has been solved before ,  i s  
t o  describe t h e  motion of a mass po in t  a s  seen from coordinates ,  
l o c a l  v e r t i c a l  o r  i n e r t i a l ,  f i xed  i n  an o r b i t i n g  spacecraf t .  T h i s  
problem i s  exac t ly  so luble ,  f o r  s m a l l  d i s tances  (k i lometers ) ,  includ- 
ing  g rav i ty  g rad ien t  and a cons tan t  drag acce lera t ion .  T h e  apparent 
forces  are described 3s they would be perceived by an observer on 
t h e  spacecraf t .  The r e s u l t i n g  t r a j e c t o r i e s  a r e  shown t o  be t h e  sum 
of three elementary t r a j e c t o r i e s ,  each of which is  geometrically 
simple. Combining ana lys i s  and geometry, it is  easy t o  v i s u a l i z e  
most space experiment o r  s u b - s a t e l l i t e  problems i n t u i t i v e l y  before  
congirming w i t h  numerical ana lys i s .  

In  low o r b i t ,  weight lessness  i s  a good desc r ip t ion  f o r  
t i m e s  approaching a minute. Grav i t a t iona l  acce le ra t ions  on ob jec t s  
d i f f e r  by about lOW7g per meter of separa t ion ,  and motion i n  response 
t o  t h i s  d i f f e rence  should be q u i t e  c l e a r  i n  a f e w  minutes and l a r g e  
i n  an o r b i t  ( 1 ~ 9 0  min.).  Drag acce le ra t ion ,  s i g n i f i c a n t  f o r  Skylab 
(10'8g), can dominate (10'5g) l o w  a l t i t u d e  s h u t t l e  f l i g h t s  near t h e  
s o l a r  maximum. A c a p a b i l i t y  may be d e s i r a b l e  f o r  low t h r u s t  systems 
t o  compensate f o r  drag. 

When drag i s  small ,  t h e  l o c a l  v e r t i c a l  o r i e n t a t i o n  appears 
supe r io r  t o  t he  i n e r t i a l  one f o r  zero-G space l abora to r i e s .  
p a r t i c l e s  along t h e  t r ack  l i n e  co-orbi t  p rec i se ly ,  t he  l o c a l  v e r t i c a l  
l abora tory  has many sites with equivalent  acce le ra t ion  environments 
and can support  more opera t ions  a t  once. 
t h a t  s h u t t l e  o r  s t a t i o n  labora tory  areas include t h e  cen te r  of 

S i n c e  
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I t  is b lea r ly  d e s i r a b l e  
2 
2 grav i ty  and for  l o c a l  v e r t i c a l ,  t h e  track l i n e .  
a 
m 



- 2 -  

Some practical problems are insensitive to these 
accelerations. For example, astronaut work aids fall in two 
classes. The first includes rugged devices to close the force 
system between astronaut and work piece. The second includes 
devices to prevent objects from drifting away due to the small 
forces. Sophisticated analysis is unnecessary. 

For sub-satellites, the elementary trajectories 
permit a complete enumeration of possible bound orbits. Three 
distinct classes are described; with this flexibility, the 
capability for supporting such satellites from a shuttle seems 
clearly established. 
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1.0 INTRODUCTION 

This paper reviews the motion of free objects within 
or near spacecraft in circular orbit. Understanding this area 
is important in dealing with zero-g experiments; it is also 
important in dealing with subsatellites which might be deployed 
by a shuttle sortie mission and later retrieved. 

The text describes the forces -- gravity and drag are 
included -- and typical motions. The general solution is shown 
to be the sum of three geometrically simple trajectories. These 
are described as seen by observers on either inertial or local 
vertical space vehicles. In the appendices, the equations of 
motion are derived and the solution worked out. The text con- 
cludes with some applications. 

The mathematical problem apparently arose first in 
studies of rendezvous. Roberson reports that the closed-form 
solutions for small displacements of the second body (tens of 
miles) appear in "several" of the references reviewed in his 
1963 review paper. Englar presents an "irreducibly simple" 
derivation in Reference 2. There have been a number of ap li- 
cations to specific aspects of both the zero-g experiment 
and the subsgtellite problem. 

The present paper was stimulated by numerous experi- 
ments program studies where there seemed need for a treatment 
of the "weightless environment" that was complete,,physically 
oriented, and that emphasized analytical rather than nwnerical 
results. Section two describes the forces, with emphasis on the 
assumptions and limitations of the treatment. Section three 
shows the solutions for particle trajectories. Representa- 
tion with the three elementary trajectories makes geometrical 
interpretation easy. 
a series of notes on a variety of problems stimulated by the 
analysis. 

(5 )  ( 4 )  

(5) 

The applications i; section four comprise 
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The t reatment  i s  intended t o  be i n s t r u c t i v e  and 
complete. A compact, vec tor  a n a l y t i c a l  geometrical  formalism 
i s  employed. 

2 .0  THE FORCES 

2 . 1  General 

To understand t h e  motion of a small  body near  a 
spacec ra f t ,  w e  must describe t h e  l a r g e r  fo rces  and t y p i c a l  
r e s u l t i n g  motions. T h i s  g ives  an i n t u i t i v e  base upon which 
more p r e c i s e  work can be done. These fo rces  and motions are 
q u i t e  d i f f e r e n t  from those w e  a r e  f a m i l i a r  with on Earth and 
study i n  elementary physics.  The ob jec t ive  i s  t o  descr ibe  t h e  
o r b i t a l  phenomena a t  t he  l e v e l  of d e t a i l  corresponding t o  knowledge 
of t h e  downward force  of g rav i ty ,  f r i c t i o n ,  and of low speed, near- 
parabol ic  t r a j e c t o r i e s .  I n  t h e  remainder of t h i s  s ec t ion ,  tlze 
forces  and equat ions of motion a r e  described. 

2 .2  Gravity i n  Free F a l l  

A space vehic le  spends most of i t s  t i m e  i n  free 
f a l l ,  w i t h  t h e  Newtonian acce le ra t ion ,  

(Cap i t a l  let ters are used f o r  vec tors  and l i n e a r  
ope ra to r s ,  w i t h  t h e  s i n g l e  exception of t h e  g r a v i t a t i o n a l  
parameter (GM).  R i s  the  r a d i u s  from t h e  center  of t h e  Earth.)  

An observer on t h i s  veh ic l e  measuring a test o b j e c t  
i s  unable t o  measure t h i s  gross  acce le ra t ion .  H e  and the  
o b j e c t s  f a l l  toge ther .  I n  t he  simple case ,  t h e  veh ic l e  i s  
i n e r t i a l l y  o r i en ted :  t h e  axes are a t  rest r e l a t i v e  t o  the  
stars. Then, provided a t t i t u d e  motions and v i b r a t i o n s  are 
small  enough, t h e  observer w i l l  d e t e c t  s m a l l  a cce l e ra t ions  
depending on t h e  displacement of t h e  tes t  o b j e c t  from the  
cen te r  of g r a v i t y  ( C . G . ) .  These are i n  p a r t  due t o  g rav i ty  
g rad ien t  and can be ca l cu la t ed  by expanding (1) i n  Taylor 
series. I f  the C.G.  i s  a t  t h e  vec tor  d i s t ance  D from-the 
e a r t h ,  and t h e  o b j e c t  i s  a t  Z = (R-D),  then to  f i r s t  order  i n  
I Z l / lD l  I 
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With t h e  l a r g e ,  f i r s t  term unobservable,  t h e  remain- 
der, Z ,  corresponds t o  a r e s t o r i n g  f o r c e  propor t iona l  t o  Z and 
a d ivergent  f o r c e  i n  t h e  r a d i a l  d i r e c t i o n ,  propor t iona l  t o  t h e  
r a d i a l  component of Z .  

Z 

EARTH 

T h i s  i s  p a r t i c u l a r l y  clear i n  matr ix  nota t ion .  
Consider t h e  s imples t  case,  t h a t  of a vehic le  i n  a l i n e a r  
o r b i t ,  f a l l i n g  r a d i a l l y  towards t h e  Earth.  A sounding 
rocket  t r a j e c t o r y  is a good example, an Apollo t r ans luna r  
t r a j e c t o r y  a less p r e c i s e  example. Choose t h e  coordinate 
frame ( S , r ~ , r )  with 5 r a d i a l .  The observable acce lera t ion  of 
of a tes t  mass a t  a po in t  Z ,  due t o  g rav i ty ,  is: 

2 0 0  

ID1 0 0 -1 
z = q(* -1 o)  z ( 3 )  

For segments of t h e  l i n e a r  o r b i t  where D i s  reasonably 
cons tan t  t h i s  i s  a complete equation of motion; f u r t h e r ,  it 
sepa ra t e s  and t h e  so lu t ions  a r e  hyperbol ic  funct ions i n  5 and 
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trigonometric ones in n and 5 . *  The solutions show that there 
should be no recollision problem for objects jettisioned from 
a sounding rocket, €or instance. The equations become somewhat 
more complicated in circular orbit. The matrix ( 3 ) ,  however, 
always represents the instantaneous acceleration field 
due to gravity gradient. 

2.3 "Inertially Oriented" Space Station 

A space vehicle in circular orbit travels at an 
2 angular velocity a. The centripetal acceleration, -w D, is 

supplied by gravity, so 

For an inertially oriented station, the axes are fixed 
relative to the stars. ( 6 ,  TI, z )  is a right handed system such that 
at zero time 5 lies along the radius and T-I along the positive velocity 
vector or track. The letter z distinguishes this case from 

EARTH \ 

*Let GM/ ID? = a: then 
e(t) = C ( 0 )  cosh (JTat) + -d% sinh (aat) 

a a  

n(t) = n ( 0 )  cos (at) + -yy- '(0) sin (at) 
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t h e  l a s t  and po in t s  t o  t h e  o r b i t a l  pole.  A t  t i m e  zero,  t h e  
observable g r a v i t y  fo rces  are given by equation ( 3 ) ,  w i t h  t h e  
s u b s t i t u t i o n  ( 4 )  : 

( 5 )  

A t  t i m e  t ,  the  space s t a t i o n  has  moved u t  around t h e  Earth.  
To t h e  observer w i th in ,  it is  t h e  fo rce  f i e l d  which r o t a t e s .  
Define A ( u t ) :  t h e  opera tor  

coswt - s inu t  

s i i u t  +co;ut B) ( O \  
coswt - s inu t  

which r o t a t e s  a vec to r  counter  clockwise i n  t h e  o r b i t a l  plane 
by ( u t ) .  Then t h e  acce le ra t ion  of a tes t  mass a t  Z ,  observed 
i n  t h e  i n e r t i a l  s t a t i o n  a t  t i m e  t ,  is:  

where t h e  s tandard method of transforming an opera tor  has 
been applied.* Equation ( 7 )  can be read from r i g h t  t o  l e f t  as:  
take the  measurement (<, T-I, z )  of p o s i t i o n ,  Z; transform t o  
t h e  instantaneous l o c a l  ver t ical  coordinate  system: apply 
equat ion ( 5 ) ;  go back t o  i n e r t i a l  coordinates .  

What ( 7 )  says ,  again,  is  t h a t  t h e r e  i s  a general ized 
"Hookes l a w "  fo rce  on a p a r t i c l e ,  d ivergent  i n  t h e  r a d i a l  
d i r e c t i o n  bu t  r e s t o r i n g  i n  t h e  t a n g e n t i a l  plane.  This fo rce  
desc r ibes  a l l  g_ravi ta t ional  dev ia t ions  of p a r t i c l e  motion from 
a s t r a i g h t  l i n e .  Additional t e r m s ,  F/m, c a n b e  added, t o  
account f o r  o t h e r  forces .  Drag w i l l  be Covered below. 

The acce le ra t ions  are s m a l l .  The magnitude of u2 i n  

* ( 7 )  i s  der ived i n  Appendix A. Note t h a t  t h e r e  are 
no C o r i o l i s  o r  c e n t r i f u g a l  t e r m s ;  Z i s  an i n e r t i a l  system w i t h  
a r o t a t i n g  acce le ra t ion  f i e l d .  
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low o r b i t  i s  1 . 3  x per  second squared.* A n  ohserver on 

f o r  every meter of displacement from t h e  labora tory  C.G.  

T h i s  i s  los7 t h e  g r a v i t a t i o n a l  acce le ra t ion  a t  t h e  E a r t h ' s  
s u r f  ace.  

such a labora tory  w i l l  measure acce le ra t ions  of % m/s 2 

Even with these s m a l l  a cce l e ra t ions ,  a p a r t i c l e  
s t a r t i n g  from rest can move s u b s t a n t i a l l y  i n  a few minutes.  
To o rde r  of magnitude, t h e  d i s t ance  s i s ,  

I f  t h e  s t a t i o n  moves one rad ian  along i t s  o r b i t  
( u t  = l), 1 5  min of t i m e ,  t h e  t es t  o b j e c t  can move a d i s t ance  
comparable t o  i t s  i n i t i a l  s epa ra t ion  from t h e  C.G.  

2 . 4  "Local V e r t i c a l "  Space S t a t i o n  

The l o c a l  v e r t i c a l  s t a t i o n  r o t a t e s  t o  keep a cons tan t  
o r i e n t a t i o n  r e l a t i v e  t o  r ad ius  and t r a c k .  Forces l i k e  g r a v i t y  
and drag  have cons tan t  d i r e c t i o n  and are more simply descr ibed.  
On t h e  o the r  hand, c e n t r i f u g a l  and C o r i o l i s  e f f e c t s  a r e  i n t r o -  
duced and are of comparable o r  l a r g e r  s i z e .  

A measurement of p o s i t i o n  i n  local v e r t i c a l  coordi-  
na t e s  (x ,y , z )  i s  l a b e l l e d  V. A t  t i m e  zero,  t h e  coordinates  
coincide w i t h  t h e  i n e r t i a l  set  ( e ,  q, z ) .  Thereaf te r ,  x 
remains t h e  outward r a d i a l  and y t h e  p o s i t i v e  track. z ,  of 
course,  remains t h e  pole  of the  o r b i t .  

v e c t o r ,  t h e  corresponding i n e r t i a l  v e c t o r ,  Z ,  i s  r o t a t i n g  counter  
clockwise,  Thus,  

I f ,  a s  i n  the  f i g u r e ,  V i s  a cons tan t  l o c a l - v e r t i c a l  

Z = A ( w t ) V  and conversely,  V = A ( - w t ) Z .  ( 9 )  

*Values of w 2  are tabula ted  versus  a l t i t u d e  f o r  E a r t h  
and Moon i n  Appendix B. 
w i l l  be observed f o r  low o r b i t s  around any p l a n e t ,  s ince  f o r  
a near  su r face  o r b i t  around a p l a n e t  of r ad ius  r ,  
u2 = GM/r3 % 

For the  Moon a t  1 0 0  km a l t i t u d e ,  w 

Approximately t h e  same acce le ra t ions  

4 T ~ G ,  dependent only on p lane tary  dens i ty ,  p .  

2 2 = .79 x los6 per  (second) . 
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Considering the motion of free particles, since the 
observer is rotating, he will see most straight-line motions 
as curvilinear. Coriolis and centrifugal forces are defined 
to 'describe' what is in fact an unfortunate choice of labora- 
tory conditions.* 

The accelerations - derived more carefully in 
Appendix A-are 

u2 (%Hi). , the centrifugal component, and 

2w -100 , the velocity dependent Coriolis term. (:::I 
*These forces on a - free particle are said to be 

"fictitious"; they can be made to disappear by giving the 
observer a counter-rotating chair. When spacecraft walls 
constrain the particle to move with the coordinate system, 
real forces must be exerted to do so. 
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The local  v e r t i c a l  equat ions  of motion f o r  a free 
p a r t i c l e  then  inc lude  t h e  g r a v i t y  g r a d i e n t ,  (5), added t o  these, 
and any a d d i t i o n a l  f o r c e s ,  F/m. 

.. 30 0 F 
v = w2 00  0 v 4- 2 w  -100 v + m 

(oo-J ( 0 0 0 )  

N o t e  t h a t  t h e  c e n t r i f u g a l  component has cance l led  t h e  
r e s t o r i n g  force i n  track. This  sugges ts  t h a t  f o r  l o w  accelera- 
t i o n  space l a b o r a t o r i e s ,  where a number of zero-G experiments 
are t o  be performed, the  local  v e r t i c a l  o r i e n t a t i o n  i s  better 
than t h e  i n e r t i a l .  There are more equ iva len t  l o w  a c c e l e r a t i o n  
sites. * 

2 . 5  Drag 

Atmospheric drag i s  t h e  next  s i g n i f i c a n t  f o r c e  ( i g n o r -  
i n g  s p a c e c r a f t  mot ions) .  A t  l o w  a l t i t u d e s ,  it i s  l a r g e r  t h a n  
g r a v i t y  g r a d i e n t .  Appendix 3 inc ludes  a p l o t  of atmospheric 
d e n s i t y  versus  a l t i t u d e  and solar  a c t i v i t y ,  p l u s  t h e  convent ional  
express ions  f o r  drag i n  t e r m s  of s p a c e c r a f t  v e l o c i t y  and drag 
c o e f f i c i e n t s .  Drag v a r i e s  w i t h  t i m e ;  it can vary by a f a c t o r  of 
2-3 around an o r b i t ,  being s t r o n g e s t  s h o r t l y  a f t e r  o r b i t a l  noon. 
A t  f o u r  o r  f i v e  hundred ki lometer  a l t i t u d e s ,  drag can be a 
hundred t i m e s  m o r e  severe a t  t i m e s  of i n t e n s e  solar a c t i v i t y  
near  s o l a r  maximum than  it i s  a t  solar  minimum. 

For s i m p l i c i t y  drag  is modelled as a cons tan t  
a c c e l e r a t i o n  i n  t h e  p o s i t i v e  track d i r ec t ion ,**  

F/m = (!I . 

T h i s  i s  t h e  correct s i g n  f o r  t h e  motion of p a r t i c l e s  

For s u b - s a t e l l i t e s ,  the s i g n  may be p l u s  or  
wi th in  t h e  s t a t i o n ;  it i s  t h e  s p a c e c r a f t ,  n o t  t h e  p a r t i c l e s ,  which 
i s  being dragged. 
minus depending on t h e  re la t ive  drag  c o e f f i c i e n t s  of p a r e n t  and 
daughter  v e h i c l e s .  

*Cor io l i s  a c c e l e r a t i o n s  can be l a r g e  i f  the  specimens 
move. This can be remedied by mounting s e n s i t i v e  experiments 
on i n e r t i a l  tables which counter - ro ta te  a t  o r b i t a l  rate. 

**Solutions i n  the appendix are c a r r i e d  o u t  f o r  a 
gene ra l  in-plane a c c e l e r a t i o n  (&,a, 0) . 
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For Skylab, drag acceleration will be about 10-8g 
(see Appendix B; Skylab flies near solar minimum at an altitude 
near 435km.). Drag is small relative to gradient. For the 
shuttle, drag accelerations can range from 10 g near space 
station altitude (500km) to nearly lO-’g at 100 nautical miles. 
Early shuttles will fly near solar maximum. The accelerations 
are very sensitive to spacecraft attitude, but can be typically 
larger than gravity gradient. 

-8 

2.6 Other Forces 

A number of other factors affect the motion of particles. 
Light pressure and higher terms in the Earth’s field are believed 
the next external factors in size. They have smaller effects than 
the variation in drag and spacecraft motion, which already limit 
the accuracy of the treatment. 

(a) Light pressure. Light pressure is smaller than gravity gradient 
forces, but can be comparable with drag. The momentum of a 
photon is E/C, the energy/speed of light. For perfect reflec- 
tion, twice this momentum is imparted. 

2 
8 3x10 m/s 

(12) ower density ~ 1400 w/m ~ 10-5 N/m2 
light light pressure ‘tr 2 ipeed of 

Near Skylab altitudes, for solar minimum when drag is weak, 
the drag pressure is slightly larger, Q .6-3 x lom5 N/m2 
(from Figure B-1) . 
equatorial bulge (J2 term) contributes a gravitational force 
about 
order The contribution to gravity gradient is a few 
parts in of equation (5) and is not significant for the 
present treatment. 

(b) Higher terms in the gravitational potential. The E’arth’s 

of the l/r2 term; the next higher moments are of 

(c) Spacecraft motion. Estimates of the effect of spacecraft 
motions are attached in Appendix D. Major maneuvers are 
excluded. Provided attitude excursions are kept small, as 
by Control Moment Gyros, the limiting factor appears to be 
the shift in spacecraft C.G, (2 or 3 cm) caused by astronaut 
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t r a n s l a t i o n .  The motion of a f r e e  p a r t i c l e  r e l a t i v e  t o  
t h e  spacec ra f t  is uncer ta in  by a few cen t ime te r s ,  a 
reasonable e r r o r  s i z e .  

3 .0  TYPICAL TRAJECTORIES 

In  Sec t ion  3 ,  t y p i c a l  p a r t i c l e  motions are descr ibed.  
J u s t  as p r o j e c t i l e  motion on earth can be expressed (gross ly)  
a s  a combination of l i n e a r  and parabol ic  motion, p a r t i c l e  motion 
near  a spacec ra f t  can be expressed as a sum of c i r c u l a r ,  e l l i p -  
t i c a l ,  l i n e a r ,  and parabol ic  motions. The ana lys i s  is  done i n  
Appendix C. 

3.1 Perpendicular t o  t h e  O r b i t a l  Plane 

An important proper ty  of t h e  d i f f e r e n t i a l  equat ions ( 7 )  
and (10)  i s  t h a t  t h e  component z ,  p a r a l l e l  t o  t h e  o r b i t a l  po le ,  
decouples.  T h e  z equation i s  the  f a m i l i a r  d i f f e r e n t i a l  equat ion 
f o r  simple harmonic motion. 

The s o l u t i o n  has t h e  form: 

z ( t )  = Z ( ' 8 )  cos u t  + - ' ( 0 )  s i n  ut. 
0 

This s inuso ida l  motion up and down from t h e  plane corresponds 
phys ica l ly  t o  t h e  p a r t i c l e  being i n  an inc l ined  o r b i t  of t h e  - -  
same per iod as t h e - s t a t i o n .  
motions descr ibed l a t e r .  

I t  i s  independent of t h e  in-plane 
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3.2 Solu t ions  of t h e  Equations - The Elemental T r a j e c t o r i e s  

The in-plane l o c a l  v e r t i c a l  equat ion of motion i s  
(from equat ions 1 0  and 11). 

.. 
v = &I2 ( 0 0 )  30 v + 2w (-E]+ +(:I 
I n  Appendix C t h i s  equation i s  solved by Laplace 

transformation.* The r e s u l t  w i l l  contain two vec tor  i n i t i a l  
condi t ions ,  conventionally t h e  i n i t i a l  p o s i t i o n ,  V ( 0 )  , and 
v e l o c i t y ,  V ( 0 ) .  Any l i n e a r  combination of these w i l l  do, 
however, and Appendix C shows t h a t  a s u i t a b l e  choice sepa ra t e s  
t h e  s o l u t i o n  i n t o  three t e r m s ,  each with a s i n g l e  cons tan t ,  a 
simple t i m e  dependence, and a simple geometrical  behavior.  
The r e s u l t i n g  i n i t i a l  condi t ions  are l a b e l l e d  E and C;  t h e  
drag acce le ra t ion ,  d ,  c o n t r o l s  t h e  t h i r d  t e r m .  

V ( t )  = 3 ( 0 2 ) A ( - w t ) E  2 1 0  +[1 - $t(yi)]. 
d 4w t 

+ 2w2 ( - 3 ( w t ) 2 )  

I n  Appendix C ,  t h e  i n e r t i a l  equiva len t  of (16)  i s  
obtained by r o t a t i o n ,  t h a t  i s ,  by mult iplying (16)  on t h e  l e f t  
by A ( w t )  and s implifying.  T h e  s epa ra t ion  of (16 )  i n t o  three 
t e r m s  i s  n o t ,  of course,  a f f e c t e d ,  and t h e  equat ions f o r  t hese  
elementary trajectories a r e  tabula ted  i n  Table 1. 

The letters E and C are mnemonics. Relat ive t o  the  
spacec ra f t  i n  i t s  c i r c u l a r  e a r t h  o r b i t ,  a p a r t i c l e  i n  a pure 
E- t ra jec tory  i s  i n  an E l l i p t i c a l  o r b i t  of t he  i d e n t i c a l  per iod.  
The E - t e r m  has no s e c u l a r  t i m e  dependence. 

A p a r t i c l e  i n  a C-trajectory i s  i n  a C i rcu la r  o r b i t ,  
of i d e n t i c a l  per iod i f  t h e  i n i t i a l  r a d i a l  component (Cx o r  C,) 
is zero.  O t h e r w i s e ,  it has a d i f f e r e n t  per iod and d r i f t s  away. 

*For s i m p l i c i t y ,  t h e  2x2 matr ices  are kept  e x p l i c i t  
i n  t h e  t e x t ,  al though i n  Appendix C they are represented a s  
combinations of a small  number of l i n e a r  opera tors .  
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The third elementary trajectory depends only on 
the Drag acceleration, d, and always shows a secular time 
dependence (t and t 1 .  2 

The elements, and a certain range of deliberately 
chosen combinations are geometrically simple, and are summar- 
ized in Figure 1. The drawings on the left are for the 
inertially oriented station, those on the right for the 
local vertical station. Each drawing shows the initial 
condition vector, the locus of motion, and an indication 
of the sense of motion. Note that motions in the inertial 
station turn with the orbit, counterclockwise, while motions 
in local vertical turn against the orbit. The rest of section 
three describes the geometry of these trajectories. 

The "general" trajectory is a combination of these. 
A few examples are given in section four. Spirals are typical 
of inertial trajectories (see Drag in Figure l), looping 
motions, of local vertical. 
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3.2.1 

X 

The C-Type E l e m e n t a l  Tra jec tory  

C-type t r a j e c t o r i e s  descr ibe  bodies 
moving i n  c i r c u l a r  o r b i t  around t h e  Ea r th .  
From a l o c a l  v e r t i c a l  space s t a t i o n  a l s o  
i n  c i r c u l a r  o r b i t ,  w e  should see t h e  
bodies move a t  constant  a l t i t u d e .  

From Table I (o r  (1611, t h e  C-local 
v e r t i c a l  elementary t r a j e c t o r y  is: 

(17) V ( t )  = c - p ( E x )  3 

The i n i t i a l  p o s i t i o n ,  C ,  can be chosen 
a r b i t r a r i l y  i n  t h e  V--plane (x ,y ) .  I f  

X Cx i s  zero,  t h e  body l i e s  on t r ack  and 
S P E E D - 3 / 2 0 C ~  i s  s t a b l e  there. Except f o r  phase it 

i s  i n  an i d e n t i c a l  o r b i t  w i t h  t h e  s t a t i o n .  

For a genera l  C ,  t h e  p a r t i c l e  d r i f t s .  
A s  drawn, it l ies  above t h e  s t a t i o n  o r b i t  
and d r i f t s  a f t .  The d r i f t  v e l o c i t y  must 
be given a t  i n s e r t i o n .  

Y 

From an i n e r t i a l  s t a t i o n ,  an observer 
sees t h e  t r ack - l ine ,  l i k e  t h e  Ear th ,  
t r a v e l  around t h e  s t a t i o n .  

The i n e r t i a l  view of the  s t a b l e  p a r t i c l e  
on o r b i t a l  t r a c k  i s  a c i r c l e ,  with - t h e  
o r b i t ,  a t  o r b i t a l  rate. The p a r t i c l e  
mus t  be i n s e r t e d  i n t o  t h i s  t r a j e c t o r y  
on track, w i t h  t h e  speed w C ,  as shown. 
The genera l  C-trajectory i s  a s 
around t h e  C.G. of r ad ius  [ V ( t )  

Z ( t )  = A ( w t )  [C - Stlg5)j (18) 
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3.2 .2  The E-Type Elemental Tra iec torv  

E-Type t r a j e c t o r i e s  desc r ibe  bodies moving 
re la t ive t o  t h e  s t a t i o n ,  i n  e l l i p t i c a l  
o r b i t s  of semi-major a x i s  and thus  pe r iod  
equal  t o  t h e  s t a t i o n .  The l i n e  of apses  
of t h e  e l l i p t i c a l  o r b i t  l i es  along E. 
Apoapse i s  d isp laced  outward by 2E/3. 

A s  seen from t h e  i n e r t i a l  s t a t i o n ,  t h e  
p a r t i c l e  remains gene ra l ly  i n  one a rea .  
From Table I ,  the  E - I n e r t i a l  t r a j e c t o r y  i s :  

STAT I ON 
PoS'TloN AT 

Z ( t )  = E + z j A ( 2 ~ t )  1 (-E] (19 1 

This i s  a cons tan t  vec to r  p lus  a second 
which r o t a t e s  with t h e  o r b i t  a t  t w i c e  
o r b i t a l  rate.  Construct  t h e  drawing as ORBIT 

n follows. Choose t h e  a r b i t r a r y  i n i t i a l  vec to r  

E,  i n  t h e  plane.  T h e  matr ix  (-: OL) (called Q 

i n  Figure 1 ( fol lowing page 1 2 )  and i n  t h e  
appendix) changes the  s i g n  of E : geo- 
m e t r i c a l l y ,  it ref lects  E i n  t h e  rl a x i s .  
The sum l o c a t e s  the  i n i t i a l  p o s i t i o n  Z ( 0 ) .  
The p o i n t  Z ( t )  then descr ibes  a c i r c u l a r  
pa th  of r ad ius  (E/31 around E a s  cen te r .  
The E- t r a j ec to ry  would be a good sub- 
s a t e l l i t e  o r b i t  f o r  an i n e r t i a l  s t a t i o n .  
A s  seen from a l o c a l  v e r t i c a l  s t a t i o n ,  t h e  
E- t r a j ec to ry  travels around t h e  o r i g i n ,  

5 

a g a i n s t  t h e - o r b i t .  I n  Table 1, the  a l ter-  
n a t e  form f o r  t h e  E t r a j e c t o r y  can obta ined  X 

A from ( 1 9 )  by mul t ip ly ing  on t h e  l e f t  by 
A ( - u t )  . Appendix C shows t h a t  t h e  r e f l e c -  
t i o n  mat r ix  changes t h e  sense of u on commu- 
t a t i o n ;  mat r ix  add i t ion  then g ives  
V ( t )  = ( 2 0 )  

A ( - w t ) E  desc r ibes  a p a r t i c l e  moving i n  a 
circle a g a i n s t  t h e  o r b i t .  The mat r ix  d i s -  
t o r t s  t h e  circle i n t o  a 1 : 2  e l l i p s e *  w i t h  
major a x i s  on track. 

MAJOR AXIS ALWAYS 
= 8/3 IEI *This may be seen i n  a s p e c i a l  case.  

MINOR AXIS = 4/3 IEI I;)= (:E] A (-w t) bi=jaI)( SPEED: CROSSING Y = 2/3 w IEI Ob - s i m t  -b s inwt 
CROSSING X =  4 / 3 0  IEI These s a t i s f y  ( / ) + (y/b) = 1. 

ON TRACK 

t] ; ( a cosw t] 
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Y 4  

3.3 I n t e r e s t i n g  Spec ia l  C a s e s  

A s  i nd ica t ed  above, t h e  genera l  i n e r t i a l  t r a j e c t o r y  
s p i r a l s ,  and t h e  genera l  l o c a l  ve r t i ca l  t r a j e c t o r y  tends t o  
loop. There are some i n t e r e s t i n g  s p e c i a l  cases among t h e  mixed 
E and C o r b i t s ,  however. 
must be ze ro .  5 

A l l  are per iodic- - tha t  i s ,  Cx o r  C 

Looking a t  Figure 1, t h e  i n e r t i a l  E and C t r a j e c t o r i e s  
are circles,  t h e  E-of fse t  from t h e  o r i g i n ,  with angular  v e l o c i t y  
2w, t h e  C-centered on t h e  o r i g i n  with angular  v e l o c i t y  w .  There 
i s  a continuous range between these .  The f i g u r e  on t h e  l e f t  
shows an a r b i t r a r y  example. The i n t e r e s t i n g  case i s  on t h e  
r i g h t ;  [ E l  = 3/21Cn/.  

t 

The t r a j e c t o r y  i s  a c a r d i o i d ,  dnd t h e  p a r t i c l e  comes 
t o  rest a t  t h e  cusp. This  f i t s  t h e  case of t h e  p a r t i c l e  re- 
l eased  from rest on t h e  ins tan taneous  track l i n e .  It  i s  t h e  
only p e r i o d i c  o r b i t  a c c e s s i b l e  t o  a p a r t i c l e  s t a r t e d  from rest 
i n  an i n e r t i a l  frame ( t h e  p a r t i c l e  a t  rest a t  t h e  C.G. i s  a 
degenerate case of t h i s ) .  

Looking a t  Figure 1 f o r  t h e  l o c a l  v e r t i c a l  C and E 
t r a j e c t o r i e s ,  t h e  most genera l  p e r i o d i c  motion i s  simple.  The 
E-type e l l i p s e  i s  d isp laced  a r b i t r a r i l y  along t h e  track by t h e  
vec to r  C. 

X 
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I f  Cx w e r e  p o s i t i v e ,  t h e  cen te r  of t h e  e l l i p s e  
would d r i f t  t o  t h e  r i g h t .  I n  Earth o r b i t ,  drag makes it 
imposs ib l e ' t o  s t r i c t l y  r ea l i ze  any of these  pe r iod ic  o r b i t s .  
Drag is  covered i n  t h e  next  s e c t i o n .  

3 . 4  Drag-Local V e r t i c a l :  E = C = 0 

Even f o r  missions a t  Skylab a l t i t u d e s ,  drag i s  an 
important f o r c e ,  r e s u l t i n g  i n  t r a n s l a t i o n s  approaching 1 0  meters 
per  o r b i t .  The elemental  drag t r a j e c t o r y  i n  l o c a l  ver t ica l  i s  
a parabola.  The p a r t i c l e  rises a t  cons tan t  v e l o c i t y  2d/w and 

accelerates a f t  i n  t r ack .  From (16), 

ELEMENTAL DRAG TRAJECTORY 4w t 
V(t )  = +(d) 

- 27F =(-+ dt2) ( 2 1 )  

SKYLAB CASE, 
X 

A d/wZ = O.lm 2dt/w 

The i n i t i a l  p o s i t i o n  i s  t h e  o r i g i n .  
The i n i t i a l  veloci ty ,  V ( 0 )  =2d/w . 

( 2 2 )  

The drawing is  f o r  a case l i k e  Skylab, f o r  which t h e  

2d/o  3 w 2  x2 
=-I7 d 

drag acceleration i s  ?.10-8g (10'7m/s2) and t h e  parameter d/w2 1 ~ 0 . 1  
meter. The p a r t i c l e  rises v e r t i c a l l y  (ve loc i ty  ~ ~ 0 . 2 m m / s )  and 
i n  one o r b i t a l  per iod  ( u t  = 2 n )  d r i f t s  about 6 meters a f t .  
Phys ica l ly ,  t h e  Skylab i s  dropping and moving forward.* 

3.5 U s e  of t h e  Elemental T r a j e c t o r i e s  

The drag  t r a j e c t o r y  i l l u s t r a t e s  t h e  use of the  elemen- 
t a l  t r a j e c t o r i e s .  These are p a r t i c u l a r  so lu t ions  which can be 
added toge ther  t o  represent  a r b i t r a r y  i n i t i a l  condi t ions.  The 
l a s t  f i g u r e  demonstrates a s u r p r i s i n g  f a c t :  t h e  p a r t i c l e  responds- 
t o  an acce le ra t ion  i n  t h e  p lus  t r a c k  d i r e c t i o n  by r i s i n g  i n  r ad ius  
and a c c e l e r a t i n g  a f t .  This r e s u l t  is  expl icable  a s  follows. 

*As noted, t hese  numbers are about r i g h t  f o r  a S h u t t l e  
i n  t h e  l a t e  7 0 ' s  a t  500 km. N e a r  100  n a u t i c a l  m i l e s  (200 km), 
d/u2 can be 1 0  meters, and t h e  displacement i n  one o r b i t ,  6 0 0  
meters! See Appendix B. 
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F i r s t ,  drag is  a small  fo rce .  The phys ica l  meaning 
of d/w2 1 ~ 0 . 1  m e t e r  i s  t h a t  f o r  d i s t a n c e s  from t h e  C.G. g r e a t e r  
than t h i s ,  t h e  g r a v i t y  g rad ien t  a c c e l e r a t i o n s  w V exceed d .  
Thus, t h e  l as t  f i g u r e  (5  meters f u l l  scale) i s  a p i c t u r e  of 
g r a v i t y  motion i n  response t o  drag. The p a r t i c l e  i s  r i s i n g  
i n t o  h ighe r ,  C-type o r b i t s ,  and d r i f t i n g  a f t  accordingly.  

2 

Secondly, t h e  p a r t i c l e  i s  n o t  s t a r t e d  from rest; t h e  
drag t r a j e c t o r y  inc ludes  an i n i t i a l ,  r a d i a l  v e l o c i t y ,  which i n  
fact  does n o t  change. To ob ta in  t h e  s o l u t i o n  f o r  a p a r t i c l e  
s t a r t e d  from t h e  o r i g i n  a t  rest ,  an appropr ia te  2 : l  e l l i p s e  i s  

added. By matching t h e  p o s i t i o n  
(V ( 0 )  =0)  and v e l o c i t y  requirements,  

w e  f i n d  A 

THE SUM OF THESE 
ELEMENTS IS THE 
DESIRED TRAJECTORY 

with the  v e r t i c a l  components zero.  
A l t e r n a t e l y ,  Appendix C has expres- 
s i o n s  f o r  E & C i n  t e r m s  of i n i t i a l  
condi t ions .  

This g ives  the  fol lowing q u a l i t a t i v e  
r e s u l t s :  The motion of t h e  p a r t i c l e  

t i o n  from t h e  drag t r a j e c t o r y  i s  
always lef tward;  t h e  dev ia t ion  i n  
track w i l l  n o t  exceed the  major a x i s  

Ut=n/* of t h e  e l l i p s e ,  o r  0 . 8  m e t e r ;  devia- 
t i o n s  i n  v e r t i c a l  w i l l  n o t  exceed 
t h e  semi-minor a x i s  of t h e  e l l i p s e ,  

X from rest starts slowly; t he  devia- 
4 

Ot = T ZERO INITIAL 

DRAG TRAJECTORY o r  0 2 meter 

Grossly,  then ,  the drag t r a j e c t o r y  
i s  a good guide t o  how t h e  p a r t i c l e  
started from rest w i l l  behave. The 
f i g u r e  a t  l e f t  shows the  d e t a i l e d  
pa th  f o r  t h e  f i r s t  ha l f  o r b i t  on a 

-.I -.2 -.3 scale such t h a t  t he  i n i t i a l ,  s=Pt 1 2  
METERS behavior can be seen.  
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4.0 APPLICATIONS 

The vector equations of motion (7) and (10) and the 
elementary trajectories, summarized in Figure 1, give a basis 
for understanding forces and motion in orbit. Applications 
are presented in five areas: the general behavior of loose 
objects in spacecraft; work-aids; the acceleration environment 
for low-G experiments; trajectory design for sub-satellites; 
and rendezvous. Much of this, of course, is not new. 

4.1 General Observations 

This section deals with the general behavior of 
loose objects in a space station. 

Weightlessness is a good description for times of 
about a minute. That is, if objects are observed casually, 
to a centimeter or s o ,  they follow first law trajectories 
(R=O) for about a minute. To show this, calculate the time, 
t, for a displacement s assuming that, as in the Skylab crew 
quarters, the object is a distance r of about 10 meters from 
the center of gravity. Gravity gradient is the important 
force, since r > >  d/w . 

.. 

2 

For s of one cm and r of 10 meters, this is t%30 seconds.* 

Similarly, Coriolis accelerations are not important 
for gross motions in a short time. Suppose one astronaut throws 
an object to another in a local vertical station. Calculate the 
transverse displacement, s ,  for an object thrown a distance d 
in time t. 

s = L(2wv) t2%1Ow3dt. The angular displacement, 2 

*Practically, objects are still within reach after 
moving ten cm; distance to the C.G. is less for vehicles like 
Apollo. Therefore, t's of several minutes are sensible. On 
the way to the Moon, w 2  drops as the cube of the distance from 
Earth and weightlessness is an excellent description. 



- 19 - 

s/d = 1 0 - 3 t ,  i s  p ropor t iona l  t o  t r a n s i t  t i m e  and q u i t e  s m a l l  
(one degree)  even for  long s l o w  throws (say ,  1 0  rn a t  1 / 2 m / s . ) .  

Over longer  t i m e s ,  o b j e c t s  w i l l  move with the  accel- 
e r a t i o n  p a t t e r n s  of t h e  d i f f e r e n t i a l  equat ions.  Figure 2 shows 
t h e  i n e r t i a l  a c c e l e r a t i o n  p a t t e r n  of equat ion (5)  superposed on 
a Skylab s i l h o u e t t e .  Two cases  are shown, separa ted  by a q u a r t e r  
o r b i t  o r  2 2  minutes.  In  t h e  f i r s t ,  t h e  long a x i s  of t h e  assembly 
l i es  near  t r a c k  and any o b j e c t  dropped i n  t h e  CM tends t o  pro- 
pagate down i n t o  the  body of the  workshop. Twenty minutes 
la ter  the  f o r c e f i e l d  i s  reversed.  

An o b j e c t  a t  rest starts w i t h  t h i s  a c c e l e r a t i o n  
f i e l d .  I n  t h e  i n e r t i a l  case, it then t u r n s  counterclockwise and 
( i n  gene ra l )  s p i r a l s  o u t  u n t i l  it m e e t s  an obs t ac l e .  The 
displacement af ter  t h e  f i rs t  o r b i t  i s  67r t i m e s  t h e  i n i t i a l  r a d i a l  
( E ( 0 ) )  d i s t a n c e  from t h e  C.G. Particles r e l eased  near  track 

are d isp laced  less. The p a r t i c l e  on-track desc r ibes  a closed,  
ca rd io id  o r b i t .  

E 

E 

LOCAL VERTICAL 
AT ZERO TIME 

17 

INERTIAL 
COORDl NATES 

174 

b 
MOTION OF PARTICLES 

MOTION OF STARTED FROM REST - 
PARTICLES STARTED TIME: ONE ORBIT 
FROM REST ("90 MINI 

TIME: ONE RADIAN 
OF ORBITAL MOTION 
P 15 MINI  



ORBITAL NOON OR MIDNIGHT 

QUARTER ORBIT LATER 

LOCAL VERTICAL - 
ACCELERATION SCALE 
c-- - lo6 M I S ~  

t- 10 M 
LENGTH SCALE 

4 

FIGURE - 2 ACCELERATION FIELD NEAR AN INERTIAL VEHICLE (SKYLAB) FOR ORBITAL 
NOON /MIDNIGHT AND A QUARTER ORBIT LATER. ARROW LENGTH IS PROPORTIONAL 
TO ACCELERATION AT THE ARROW TAIL. COMPONENT PERPENDICULAR TO THE 
PAPER IS RESTORING. 
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X 

4 

ONEORBIT - 
LOCAL VERTICAL 
COO R D I NATES 

In a local vertical station, the first plane motion 
of an object is radially away from the track line. Coriolis 
turns the particle clockwise. The trajectory is a general 
C + E type. For an initial displacement x in the vertical, 
the elliptical component is large (minor axis 6x). The 
maximum excursions are shown in the figure.* 

To summarize, "weightlessness" is a good description 
of free motion for the first minute or so .  Displacements from 
first law behavior are typically under a centimeter. Subsequent 
motion is curved, with the orbit for inertial stations, against 
the orbit for local vertical stations. Displacements in the 
first radian of orbital motion (15 minutes)-are comparable with 
the initial c.g. displacement, r. Displacements over an orbit 
are (excluding periodic motions) typically 20-40 times r, plus 
whatever is due to drag (5 or 6 m for Skylab). 

4.2 Work Aids 

There are two quite different physical problems for 
which work-aids must be devised, closing the force-loop and 

*This is the type orbit the Apollo lunar sub-satellite 
would follow if it were merely set loose in the Service Module 
bay, facing along a radius. 
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l o c a l i z a t i o n .  These may n o t  have been adequately def ined 
i n  t h e  p a s t ;  and, judging a t  least  by t h e  space experiments 
which have-been prepared i n  t h e  l a s t  few yea r s ,  there has 
been a tendency t o  assume t h e  problems w e r e  mysterious and 
requi red  s o p h i s t i c a t e d  devices  t o  so lve  them. 

I n  s h o r t  t i m e  pe r iods ,  the  a s t ronau t  may e x e r t  
l a r g e  forces and torques on a work-piece. The requirement 
i s  t o  c lose  t h e  system so t h a t  t h e  n e t  acce le ra t ion  of the 
two is  zero.  Pu t t ing  t h e  Hasselblad between one ' s  knees t o  
work on it i s  a homely example. For l a r g e r  jobs such a s  
disassembling an e lectr ic  motor o r  plumbing, t he re  i s  no 
s u b s t i t u t e  f o r  terrestr ia l  tools  l i k e  t h e  v i s e  which immobi- 
l i z e  t h e  p iece  conveniently r e l a t i v e  t o  t h e  spacec ra f t .  
Another device must be used t o  t i e  t h e  a s t r o n a u t  t o  t h e  
spacec ra f t .  Foot r e s t r a i n t s  a r e  used on Skylab .  The extreme 
example i s  a deep molded c h a i r  which clamps t o  the  bench and 
couples t h e  forces  through th igh ,  knee, and back r e s t r a i n t s .  
The c r i t i ca l  po in t  i s  t h a t  t hese  work-aids a r e  rugged, and 
t ransmi t  substant ia l  forces .  A good workshop on e a r t h  o r  i n  
o r b i t  has many kinds of clamps, v ices ,  o r  r e s t r a i n t s .  

The second problem i s  t o  prevent  o b j e c t s  from 
d r i f t i n g  away. The requirement i s  t h a t  a r e s t r a i n t  system 
( o r  systems) s h a l l  br ing o b j e c t s  of var ious  s i z e s  t o  rest 
from v e l o c i t i e s  of a few cent imeters  per  second, and hold 
them n e a t l y  u n t i l  they are wanted. Obvious methods, many 
used a l ready  on manned f l i g h t s ,  include:  

e las t ic  cords fo r  l a r g e r  ob jec t s .  

a pegboard with c l i p s  

Velcro (Velcro of t h e  r i g h t  s i z e  probably 
w i l l  hold s m a l l  screws and nu t s )  

magnetized racks. A t  t hese  fo rce  levels,  
some f e r r i t e  p a i n t  would probably be ade- 
qua te  f o r  immobilizing o b j e c t s .  

p l a s t i c  bags and boxes, organized i n  shelves, 
or on t h e  bench by (b) and ( c ) .  

l azy  susans,  t h a t  i s ,  r o t a t i n g  t r a y s  
which hold p a r t s  by c e n t r i f u g a l  force .  
(The r o t a t i o n  ra te  needs t o  be f a s t e r  
than o r b i t a l  ra te ,  bu t  one r o t a t i o n  
i n  a few m i n u t e s  i s  f a s t  enough.) 
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The problem of work in weightlessness is not hard. 
Astronaut experience shows it; the analysis here can add 
little more. 
man) into this apparently alien environment which is hard 
and requires high technology. 

It is only the projection of tools (and the 

4.3 Experiment Design 

The acceleration levels required for experiments 

g was observed to start convection 
vary widely. Current estimates for space biology term 
10-4g satisfactory; 10 
in the Apollo 14 oxygen tanks. There are more stringent 
requirements in relativity experiments, for instance, but 
it is unlikely these would be flown on a manned vehicle. 
This section deals with the acceleration environment in low 
Earth orbit. 

-6 

There is an irreducible stress within a specimen, set 
by the gravity gradient acceleration of order w2s, where s is 
the specimen size. The experiment sensitive to gradients of order 
10'6s must be flown at higher altitude. 

by its container, or by associated fields. For short times, 
the specimen may be left free. For longer times, it must be 
confined. Within limits, the larger the zone within which the 
specimen can drift, the smaller the control forces can be. In 
low Earth orbit, contributions to specimen motion, assuming an 
initial C.G. displacement r, are: 

Other stresses will be communicated to the specimen 

Acceleration Displacement in 1 rad 

3r 'L 
2 Gravity Gradient" (1-3) rw 

Initial Velocity (Av) 0 QJ 103Av 
10 Av Coriolis (forAV) 2 w  (AV) QJ 

Drag d 'L d/w2 
Light Pressure smaller than drag 
Vibration** Q (frequency) (periodic) probably mm, max. 
Astronaut Motion** ? several centimeters,** max. 
Attitude Change O** 

free floating molten drop can probably provide 10-8 accelerations 
by uneven evaporation. A moving animal can obviously pulse 
himself to a g or so. 

Q rO over attitude cycle 

There will be other, substantial sources of motion. A 

*Including the centrifugal forces in local vertical. 
**.The last three entries are discussed in Appendix E. 
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Considering t h e  l i s t ,  it appears t h a t  t h e  con t r ibu t ions  
could be he ld  ind iv idua l ly  near  t h e  l i m i t i n g  drag acce le ra t ion  of 
a Skylab class vehic le ,  10'8g provided: displacement (e10 c m )  i s  
allowed t o  isolate t h e  specimen from v i b r a t i o n  and a s t ronau t  
motion; work sites are loca ted  wi th in  P l O c m  of t h e  C.G. f o r  an 
i n e r t i a l  s t a t i o n  o r  wi th in  mlOcm of t h e  t r a c k l i n e  f o r  a l o c a l  
v e r t i c a l  s t a t i o n ;  a t t i t u d e  motions are s m a l l  (as with C.M.G. 
c o n t r o l ) ;  and i n i t i a l  v e l o c i t i e s  are s m a l l  (Av<O. l  m/s). 

The average acce le ra t ion  of the specimen -- o r  t h e  
c o n t r o l  acce le ra t ions  necessary t o  keep it near rest -- could 
o p t i m i s t i c a l l y  be as small  as 10m7g, o r  10'6m/s2. 

It  i s  doubtful  t h a t  m o s t  experiments w i l l  
r equ i r e  such low acce le ra t ion  environments. A knowledge of 
t h e  r e s i d u a l  acce le ra t ions  may however be important t o  an 
i n v e s t i g a t o r .  For Skylab, many experiments are loca ted  i n  t h e  
c r e w  q u a r t e r s  a t  d i s t a n c e s  of 1 0  meters from t h e  c e n t e r  of 
g rav i ty .  An experiment a t tached  a t  such a po in t  w i l l  see 
g r a v i t y  g rad ien t  a c c e l e r a t i o n s  ranging from 10-5m/sec2 towards 
t h e  C.G. t o  about t w i c e  t h a t  away from t h e  C.G. ,  a l t e r n a t i n g  
over per iods  of twenty minutes o r  so (see Figure 2 ) .  I f  t h e  
experiment i s  marginally s e n s i t i v e  t o  acce le ra t ions  of t h i s  

o rde r  (10'6g), t h i s  s h i f t i n g  around could confuse t h e  experi-  
mental r e s u l t s .  

It  is  c l e a r l y  d e s i r a b l e  t h a t  t h e  Space S h u t t l e  and 
.ts Sortie module be configured so t h a t  t h e  on-orbit  C.G. and 
f o r  local v e r t i c a l )  t r a c k  l i n e  l i e  wi th in  t h e  experimental  

area. Configurations where t h e  S o r t i e  module i s  hinged and 
deployed outward have h igher  r e s i d u a l  acce lera t ions*  and can 
n o t  achieve t h e  minimum ,acce lera t ion  environment. 

A t  lower a l t i t u d e s  where t h e  atmosphere i s  denser 
drag w i l l  ominate, roviding i n  reasonable cases (Table B-1) 

cant  f o r  experiments involving convection i n  l a r g e  volumes. 
near ly  l0-'m/s2 (10- 5 9 ) .  This i s  high enough t o  be s i g n i f i -  

Accordingly, it would be d e s i r a b l e  t o  conduct 
s t u d i e s  of systems which could provide a S h u t t l e  t h i s  
kind of acce le ra t ion .  The f o r c e  requi red  is  ~ 1 0 N  o r  a f e w  
pounds force .  Since drag i s  no t  cons tan t ,  a servo con t ro l l ed  
scheme would be required.  The s h u t t l e  would " f l y  around" 
t h e  experiment. 

4 . 4  S u b s a t e l l i t e  Orb i t s  

There are a t  least  t h r e e  f a m i l i e s  of o r b i t s  i n  which 
s u b s a t e l l i t e s  can be placed and subsequently retrieved. These 
are: t h e  E-type o r b i t ,  t h e  C-type o r b i t ,  and drag-type o r b i t s .  

*e.q., i f  t he  s h u t t l e  f l i e s  nose down with t h e  module 
along t r a c k ,  drag i s  h ighes t .  
g rad ien t  i s  high. 

I n  o t h e r  o r i e n t a t i o n s ,  g rav i ty  



The r e l a t i v e  drag of t h e  s u b s a t e l l i t e  
can be trimmed t o  equal  t h a t  of t h e  
pa ren t  s p a c e c r a f t  (Appendix €3) by 
using much heavier.  s t r u c t u r e  than 
i s  t y p i c a l  of automated satel l i tes  
today. 

INERTIAL 

The f i r s t  order  s o l u t i o n  r equ i r e s  
t h a t  t h e  subsatell i te be extended 'on cr a boom. T o  s impl i fy  t h e  s a t e l l i t e ,  
t h e  device on t h e  end of t h e  boom 

/ t o  i n s e r t  t h e  s a t e l l i t e  i n  an E- o r  

E-TYPE 

\ / imparts t he  i n i t i a l  ve loc i ty  necessary 
\ 
' - - - A  

C-type o r b i t .  The requi red  v e l o c i t y  
LOCAL VERTICAL i s  small ,  bu t  must be p rec i se .  

A motion perpendicular  t o  t h e  plane ( 0 )  could be added so t h a t  
t h e  s a t e l l i t e  w i l l  n o t  pass  through t h e  s t a t i o n  wake. 

I f  t h e  s u b s a t e l l i t e  i s  t o  be kep t  v i s i b l e ,  or wi th in  
t h e  f i e l d  of a communications antenna, E-type t ra jector ies  are 
p r e f e r r e d  f o r  an i n e r t i a l  mission and C-type for a focal- 
v e r t i c a l  mission. 

C. 0. Guffee poin ted  o u t  s eve ra l  
(5 )  t h a t  drag could be yea r s  ago 

employed t o  achieve a f r e e  r e t u r n  
of a s u b - s a t e l l i t e . "  I n  t h e  
drawing, t h e  pa ren t  v e h i c l e  has  
h igher  drag  than t h e  sa te l l i t e .  

c i r c u l a r  o r b i t  below t h e  p a r e n t ,  

(--- 

LOCAL VERTICAL The s a t e l l i t e  i s  deployed i n  a 

w i t h  app ropr i a t e  forward motion and a s m a l l  upward v e l o c i t y  
2d/w. From the  pa ren t  p o i n t  of  view, it d r i f t s  forward and 
upward i n  a drag-type parabola  and i s  recaptured above t h e  
parent .  

4.5 Rendezvous 

Related techniques have been used t o  study Gemini and 
Apollo rendezvous. The elemental  t r a j e c t o r i e s  a r e  easy t o  use 
i n  hand c a l c u l a t i o n s  and t o  see what i s  o r  i s  n o t  poss ib le .  

*Guffee's  p a r t i c u l a r  case i s  a mixed o r b i t  and shows 
looping e l l i p t i c a l  motion. 
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As an example, Appendix D describes a Hohmann transfer. 

5.0 SUMMARY AND CONCLUSIONS 

The equations of motion for a particle in or near 
an orbiting spacecraft have been presented, and the solutions 
written in a geometrically simple way. The gross motion can 
be described as a sum of three elementary ones, two due to 
Keplerian motion and one due to drag. The geometrical results 
are in Figure 1. 

approximate understanding of both particle motion and the design 
of low-g experiments. 

It is believed this material gives a basis for 

Weightless, unaccelerated behavior is a good descrip- 
tion for at most a few minutes. Beyond this, motion due to 
gravity gradient and drag must be accounted for. Under favorable 
circumstances, low-g experiments may realize acceleration environ- 
ments near these limiting values, approximately 
The experiment must be isolated from spacecraft motions and 
vibrations. 

to 10’7g. 

As regards the supporting design of Shuttle or station 
experiment systems: 

three orbit classes are shown for co-orbiting satellites 

for low gravity laboratories, the local vertical 
attitude is promising, and deserves more careful study 

accordingly, it is desirable that space stations or 
Shuttle Sortie modules include the center of gravity 
of the shuttle and the track-line in a local vertical 
at ti tude 

drag is sufficiently large at low altitudes that a 
low thrust (10N) system capable of compensating for 
drag probably needs consideration. 

GTO-ab 
loll-SS dly 

/wpk G. T. Orro 

S. ~hapir6 
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APPENDIX A 

Equations of Motion 

Appendix A leads t o  t h e  vec to r  equat ions of  motion 
f o r  a s m a l l  p a r t i c l e  i n  or near  a spacec ra f t  i n  c i r c u l a r  o r b i t ,  
w i t h  emphasis on t h e  ope ra t iona l  meaning of t he  t e r m s .  The 
procedure i s  t o  s ta r t  w i t h  d e f i n i t i o n s  i n  i n e r t i a l  space,  
where they are presumably w e l l  understood,  then make t h e  
coordinate  t ransformations t o  obta in  der ived r e s u l t s  f o r  l o c a l  
v e r t i c a l  and i n e r t i a l l y  o r i en ted  space s t a t i o n s .  

I n e r t i a l  Laboratory ( R )  

Measurements of Pos i t i on ,  Veloci ty ,  and Accelerat ion 

The observer i n  h i s  laboratory measures the p o s i t i o n  
of t h e  o b j e c t  i n  some reasonable way. Conceptually, he can s e t  
ou t  meter s t icks  along orthogonal axes, take Polaroid photographs 
i n  p a i r s  ( inc luding  an image of h i s  stop-watch),  and analyze 
these t o  ob ta in  t h e  three components of a vec tor  p o s i t i o n  R. 
H e  can reduce successive measurements, R1, R2, R3... t o  ob ta in  
estimates of ve loc i ty  k and a c c e l e r a t i o n  R. 

T h e  expected behavior of t he  o b j e c t  depends on t h e  
experimental  condi t ions,  and is cod i f i ed  i n  t h e  desc r ip t ions  
of common forces ,  which can be added t o  give a r e s u l t a n t  fo rce  
and divided by p a r t i c l e  mass t o  g ive  a r e s u l t a n t  acce le ra t ion .  

.. 
R(expected) (A-1 )  

Some of these fo rces  a r e  convenient r u l e s ,  l i k e  
Galileo's observat ion t h a t  a l l  objects f a l l  with t h e  same 
a c c e l e r a t i o n  (9.8 m / s 2  t o  better than one percent ,  anywhere on 
Ea r th ) .  Others a r e  more genera l ,  and a t  least  t o  experimental  
accuracy, are " l a w s " .  This includes,  f o r  ins tance ,  t he  Newtonian 
expression f o r  t h e  acce le ra t ion  of a s m a l l  body near  a l a r g e r  one: 

(A-2) 
3 I Ro I 
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R i s  
0 

t h e  r ad ius  vec to r  from t h e  cen te r  of t he  Ear th  
t o  t h e  p a r t i c l e ,  and (GM) a cons t an t ,  t he  g r a v i t a t i o n a l  para- 
m e t e r  of t h e  Earth.  

Most of these l a w s  are most simply expressed i n  an 
i n e r t i a l  l abo ra to ry ,  unaccelerated and non-rotat ing as judged 
by observat ions of t h e  f i x e d  stars. The o b j e c t  of t h i s  appendix 
is  j u s t  t o  make t h i s  common ca t a log  of l a w s  app l i cab le  t o  o r b i t a l  
f l i g h t ,  e.g. ,  t o  express  t h e  measured a c c e l e r a t i o n s  as some 
c o r r e c t i o n  t e r m s  p lus  an Ro, corresponding t o  t h e  " i n e r t i a l "  
ca t a log  of forces .  

Forces and Stresses 

One caut ion  is  necessary.  Q f t e n ,  a s  when a b a l l  i s  
acce le ra t ed  by a ba t ,  t h e  f o r c e  F = mR i s  conveyed through t h e  
body by i n t e r n a l  stress. This i s  n o t  so f o r  g r a v i t a t i o n ,  which 
a c t s  nea r ly  equa l ly  on a l l  m a s s  elements of a body, o r  f o r  t h e  
c e n t r i f u g a l  and C o r i o l i s  f o r c e s  which a r e  acc idents  of t h e  
coord ina te  system. The f r e e l y  f a l l i n g  body i s  almost uns t ressed;  
it i s  when t h e  o b j e c t  i s  cons t ra ined  from a c c e l e r a t i n g  by ly ing  
on the Earth o r  r e s t i n g  on t h e  wa l l s  of the  space s t a t i o n  t h a t  
it i s  s t r e s s e d . *  

Laboratory System ( Z )  (The " i n e r t i a l l y  oriented' '  Space S t a t i o n )  

Consider now a l abora to ry  which i s  i n e r t i a l l y  
o r i e n t e d ,  b u t  a c c e l e r a t i n g  i n  a c i rc le  around 
t h e  Earth w i t h  angular  v e l o c i t y  w.  

I n  i n e r t i a l ,  astronomical coord ina tes ,  l e t  
t h e  i n i t i a l  p o s i t i o n  be R = D. Define the  
r o t a t i o n  ope ra to r  A ( w t )  which r o t a t e s  a 
vec to r  counterclockwise around a chosen 
a x i s  by an angle  ( u t ) .  Then a t  t ,  t h e  
s t a t i o n  p o s i t i o n  i s  A ( w t )  D. 

0 

*This kind of d i s t i n c t i o n  l e d  E i n s t e i n  i n  t h e  General 
Theory of R e l a t i v i t y  t o  t r y  and make g r a v i t y  a proper ty  of 
t h e  coord ina te  system rather than an independent fo rce .  
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The observer  now sets up shop w i t h  m e t e r  s t i c k  and s t o p  watch, 
and performs measurements of p o s i t i o n , ' Z ;  A corresponding 
" I n e r t i a l "  (R)  measurement would be 

= Z + A ( w t )  D (A-3) RO 

By d i f f e r e n t i a t i n g ,  o b t a i n  a r e l a t i o n s h i p  between t h e  
measured values ,  Z ,  2, and Z and t h e  ca t a log  of 'expected '  
behavior i n  t e r m s  of Ro. 

i n  t h e  note  (see next  page) .  I n  p a r t i c u l a r ,  

P r o p e r t i e s  of A ( w t )  are developed 

= 2 + wP A p ( u t )  D 

Ro = Z - w 2  % ( u t )  D 

Inve r t ing ,  

2 = u2 A ( u t )  D + Ro 
P 

(A- 4 )  

(A-5) 

(A-6) 
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NOTE : 

I n  component form, w i t h  z t h e  o r b i t a l  pole ,  X along 
rad ius ,  D, and y i n  t r ack ,  A ( 6 )  i s  a r o t a t i o n  matr ix ,  

(cose -sine ;) 
~ ( g )  = s ine  cose 

0 0 1 

A s  w r i t t e n ,  A w i l l  r o t a t e  a vec tor  counterclockwise i n  t h e  
d i r e c t i o n  of prograde motion a s  seen from t h e  o r b i t a l  pole.  
I ts  p rope r t i e s  can be der ived from t h i s  o r  t h e  component 
representa t ion .  

Two r o t a t i o n s  around t h e  same a x i s  a r e  a d d i t i v e  

Rotations commute (from ( 2 )  ) 

There i s  an i d e n t i t y ,  

A ( 0 )  = (i ;) = I 
0 0 1  

And f o r  each A ( 6 )  t h e r e  i s  an inverse  A-'(6) ,  so t h a t  
A 

The t i m e  d e r i v a t i v e  A ( 8 )  

A i s  the  plane r o t a t i o n  opera tor  with no z component. Of 

course,  - s ine  = cos(e+ 1421, cos9 = s i n ( e +  ~ 4 2 ) .  

-1 ( 9 )  A ( 9 )  = I. A - l ( 6 )  = A(-B)  and i s  t h e  t ranspose of A ( 9 ) .  

cos9 -sin9 0 
-sin8 -cos8 0 

= (  0 0 0  
6 = Ap ( e +  4 2 )  6 1 

P 

0-1 Specia l  values.  A ( d2) occurs o f t e n  = l1 o]  . 
c a l l  it P for perpendicular .  Note P2 = A ( IT) = (-: -%= - I . 
Thus, t h e  v e l o c i t y  assoc ia ted  with A ( w t ) D  i s  U P  A ( u t )  , 
perpendicular  t o  A ( u t ) D  and of magnitude wD, as it ought t o  be. 

For b rev i ty ,  
P 

P P 
P 

A p ( 9 )  = I cose + P s in9 i s  used i n  Appendix C. 
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LABORATORY SYSTEM (VI (The ' ' loca l  v e r t i c a l  o r ien ted"  Space S t a t i o n )  

The o r i g i n  of (V) co inc ides  w i t h  t h e  o r i g i n  of ( Z )  . 
A t  t i m e  zero,  t h e  axes co inc ide .  The 
(V) l abo ra to ry  axes then r o t a t e  a s  t h e  
s t a t i o n  goes around t h e  Earth.  C a l l  
t h e  measurements of p o s i t i o n ,  V. Any 
measured o b j e c t  which appears t o  be a t  
rest ,  is ,  f r o m  t he  ( Z )  o r  (R) p o i n t  of 
view,in prograde r o t a t i o n .  That i s ,  t h e  
corresponding Z are r o t a t i n g ,  

Z = A ( w t )  V. (A-7) 

Wt 

S u b s t i t u t i n g  i n  (A-3) I 

= A ( o t )  (V+D) 
RO 

k = A ( W t )  f7 + uPA ( u t )  (V+D) 
0 P 

'io = A ( u t ) V  + ZWPA ( u t ) +  - w 2 A ( u t )  (V+D) 
P P 

(A-8) 

(A-9 1 

(A-10) 

To f i n d  t h e  (V) obse rve r ' s  expected a c c e l e r a t i o n s ,  
mul t ip ly  (A-10) on t h e  l e f t  by A ( - u t )  and rearrange 

.. 
V = u2 I (V+D) - 2uPf7 + A ( - w t ) R o  (A-11) 

P 

I n  t h e  absence of fo rce ,  he  w i l l  see a c c e l e r a t i o n s  i n  
t h e  p lane  which are func t ions  both of p o s i t i o n  V and v e l o c i t y  Ti. 
These are t h e  c e n t r i f u g a l  and C o r i o l i s  forces .  

GRAVITY GRADIENT 

The primary fo rce  on an o r b i t i n g  s t a t i o n  is of course 
2 

grav i ty ,  whicn supp l i e s  the c e n t r i p e t a l  fo rce  w D necessary t o  
keep t h e  veh ic l e  i n  i t s  circle. 
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2 
= w  GM - 

1 ~ 1 ~  
( A - 1 2 )  

Since labora tory  and f r e e  o b j e c t s  f a l l  toge ther ,  no 
measurement made wi th in  t h e  (Z) o r  (V) l abora tory  can d e t e c t  t h e  
f u l l  g r a v i t a t i o n a l  acce le ra t ion  of Equation A-2 .  On the  o the r  
hand, v a r i a t i o n s  i n  t h e  g r a v i t a t i o n a l  f i e l d  w i l l  be de t ec t ab le ,  
a l b e i t  over longer  t i m e s .  These can be est imated by expanding 
A-2 i n  Taylor series. A-2 w a s :  

( A - 1 3 )  

Expressed i n  t h e  measurables of t h e  l o c a l  v e r t i c a l  (V) 
system, t h i s  i s  (use  [A- 81) 

2 

.. A (  u t )  (V+D) GM Ro = - 
IV+DI3 

(A-14)  

( t h e  value of t h e  scalar denominator is  no t  a f f e c t e d  by t h e  A ( w t ) ) .  

A Taylor series expansion f o r  a vec tor  F has t h e  
following form; 

+ v*vFIv=o ( A - 1 5 )  

Note t h a t  keeping only t h e  f i r s t  order  i n  I V l / l D I ,  

VF is  t h e  d i r e c t  product whose mat r ix  r ep resen ta t ion  
with .. D g r e a t e r  than 6000 km, g ives  a very use fu l  approximation 
t o  Ro. 
would be,  (VF) i j  = - a F  Expanding, ( A - 1 6 )  axi j *  

f c 

A D+V =5 D+V, a u n i t  
I D+VI *Note: i f  V = ( x , y , z ) ,  VV = I, VlD+Vl = 

A h  A A  

vector .  In  (A-17), V - D D  = ( V - D ) D ,  a r e s u l t a n t  vec tor  i n  t h e  
r a d i a l  d i r e c t i o n .  
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The f i r s t  t e r m  i s  t h e  9 m / s 2  o r  so which supp l i e s  
t h e  c e n t r i p e t a l  a c c e l e r a t i o n  t o  hold t h e  s t a t i o n  i n  o r b i t .  
The second t e r m  i s  a vec tor  r e s t o r i n g  fo rce ,  tending t o  r e s t o r e  
t h e  test  o b j e c t  t o  t h e  o r i g i n .  The t h i r d  t e r m  r ep resen t s  t h e  
decrease i n  g r a v i t a t i o n a l  fo rce  with d i s t ance  from t h e  Earth.  
I ts  a c t i o n  i s  purely r a d i a l  ( i n  t h e  D d i r e c t i o n )  and r e p e l s  
t h e  tes t  o b j e c t  from t h e  tangent  plane.  

Equations of Motion - Local V e r t i c a l  

To ob ta in  t h e  equat ions of motion, which desc r ibe  t h e  
perceived motions of a p a r t i c l e  under g r a v i t y  g rad ien t ,  with 
any p e c u l i a r i t i e s  of t h e  labora tory  involved, (A-17) must be 
s u b s t i t u t e d  f o r  Ro. Taking t h e  l o c a l  v e r t i c a l  case, (A-111, 
and using u2 = GM/IDI , 3 

- I + 366) v - 2uPi7 2 .. 
( I P  

v = u  (A-18) 

Note here  t h a t  t h e  c e n t r i f u g a l  terms from A-11  
cancel a l l  bu t  t h e  a x i a l  component of t h e  r e s t o r i n g  f o r c e  
g r a v i t y  g rad ien t  t e r m .  
dependent C o r i o l i s  term remain. (Since g r a v i t y  g rad ien t  does 
not  inc lude  " a l l  f o r c e s " ,  a t e r m  A ( - u t ) R A  should be added.) 

The r a d i a l  g rad ien t  and t h e  v e l o c i t y  

Note t h a t  t h e  physics--rotat ion and 
gravity--gives observer (V) a s t rongly  
polar ized  view of t h e  world. A com- 
ponent r ep resen ta t ion  i s  n a t u r a l .  
With x i n  l o c a l  v e r t i c a l ,  P a r a l l e l  

X'  

t o  D; y along t r a c k ;  z p a r a l l e l  t o  the 
o r b i t a l  pole;  and V = (x ,y,z)  

I v = u2 (:[) + 2 u ( - i )  + A ( - u t ) R A .  (A-19) 

A more d i r e c t  expression of Ar18 is  
t h e  matr ix  form used i n  t h e  text ,  where F/m = A ( - u t ) R o .  

.. 
f 7  + A ( - u t ) R A  (A-20)  
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I n  t h e  s o l u t i o n  ou t l ined  i n  Appendix C, t he  "other"  acce le ra t ion  
RA i s  taken a s  a constant ,  in-plane,  l o c a l  v e r t i c a l  vec tor ,  

(A-21)  

where t h e  l a b e l s  of t h e  components a r e  acronyms ( l i f t  and drag-- 
although - d a c t s  i n  t h e  p o s i t i v e  t r a c k  d i r e c t i o n ) .  

coupled equat ions,  i n  x and y, and a sepa ra t e ,  z equation. T h i s  
i s  a major s i m p l i f i c a t i o n .  The res t  of t h e  work can be c a r r i e d  
out  i n  two dimensions. 

Note t h a t  Equations (A-20)  and (A-21) comprise two 

Euuations of Motion: I n e r t i a l l v  o r i en ted  

I t  i s  easiest t o  g e t  t h e  
of A-20. I n  two-dimensional form, 

.. v = w 2  (; ; 
The r e l a t i o n  between the 

vec tors  is: 

V = A ( - w t )  Z , from 

C = A ( - u t )  i -wPA(-wt)  Z 

V = A ( - w t )  2 - 2 w P A ( - u t )  
.. 

Cor io l i s  

i n e r t i a l  equations by r o t a t i o n  
(A-20) i s *  

v-2wPC + L (A-22)  

V and t h e  i n e r t i a l ,  Z ,  family of 

- u 2  A ( - w t )  Z 

(A-23) 

(A-24)  

(A-25)  

S u b s t i t u t i n g  and mul t ip ly ing  on t h e  l e f t  by A ( w t ) ,  t h e  
t.erm 

.. 
z =  

cancels :  

u i 2 ' ( A ( w t )  ( i  00) A ( - u t )  - I} Z + A ( w t ) L  (A-26) 

*Since a l l  
for opera tors  

vec tors  a r e  in-plane,  w e  can omit t h e  Ap subsc r ip t s  
with zero t h i r d  components. 
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This is simplified (using property (5), p. A-4). 

.. 2 = u2 (0' -!) .(-ut,>, + A(ut)L , 

which, with the e component added in again is the equation 
of the text (7). 

(A-27) 



APPENDIX B 

Drag and Numerical Data 

This appendix conta ins  a resume of 
p lus  support  f o r  var ious numbers used i n  t h e  

The drag acce le ra t ion  on a veh ic l e  
a and m a s s  m is: 

2 d = - L  ‘d a v  
2 m 

where p i s  atmospheric dens i ty ,  v is o r b i t a l  

t h e  drag equation, 
t e x t .  

of f r o n t a l  a r e a  

(B-1 )  

ve loc i ty ,  and cd 
i s  t h e  drag c o e f f i c i e n t .  A u n i t  f r o n t a l  a r ea  sweeps o u t  a mass 
(pv) of atmosphere each second, or a momentum pv . For f r e e  
molecular flow, it i s  t y p i c a l l y  assumed t h a t  molecules a t t a c h  
themselves t o  t h e  vehic le ,  thermalize,  and re-emit with a much 
lower ve loc i ty  vt. 
l i t t l e  g r e a t e r  than pa v , and CD Q 2.  

2 

Then, t h e  n e t  fo rce  on t h e  veh ic l e  i s  a 
2 

Under rare circumstances,  such as a f l a t  p l a t e  with 

CD then i s  g r e a t e r  than two, and t h e r e  can be 
c lean  su r faces  a t  low angle  of a t t a c k ,  molecules can re-emit 
specular ly .  
s u b s t a n t i a l  l i f t .  

CD = 2 is  assumed 

v2 i s  reasonably cons t an t  i n  low 
2 Table B-2) .  Log v2 i s  taken 7 .8  with v 

Earth o r b i t  (see 
i n  m /s . 2 2  

Atmospheric dens i ty  i s  highly va r i ab le .  As a r e s u l t ,  
t h e  drag d v a r i e s  widely and t h e  c a l c u l a t i o n  is  not  s e n s i t i v e  
t o  uncer ta in ty  i n  CD o r  v. Figure B-1 shows t h e  logarithm of 

3 atmospheric dens i ty  (kg/m ) as a func t ion  of a l t i t u d e .  I t  i s  
adapted from t h e  1966 supplement t o  t h e  U.S. Standard atmosphere. 
I t  shows t h a t  dens i ty ,  p ,  i s  t w o  o r  t h r e e  t i m e s  g r e a t e r  i n  t h e  
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s u n l i t  p a r t  of t h e  o r b i t  than i n  t he  shaded por t ion .  Density 
peaks s h o r t l y  a f t e r  o r b i t a l  noon. Fur ther ,  dens i ty  i s  very 
s e n s i t i v e  t o  s o l a r  a c t i v i t y .  Skylab w i l l  f l y  near  s o l a r  
minimum when drag is  l o w .  With c u r r e n t  schedules,  S h u t t l e  
and S t a t i o n  w i l l  f l y  near  s o l a r  maximum when d e n s i t i e s  can 
be a hundred t i m e s  g r e a t e r .  

The right-hand scale of Figure B-1 shows t h e  f r o n t a l  
2 pres su re  (newtons/m ) on a v e h i c l e  w i t h  CD = 2 ,  

2 log  pv = log  p + 7.8. 

A r e a / m a s s  r a t i o s  and t y p i c a l  v e h i c l e  drag accelera- 
t i o n s  are t abu la t ed  i n  Table B-1 f o r  Skylab and S h u t t l e .  A 
monolithic,  nuc lea r  powered space s t a t i o n  would be comparable 
with t h e  f i r s t  e n t r y  under S h u t t l e  (d = 2 x lom7 m / s  ) .  
vers ions  wi th  solar power w i l l  have log  A/m more l i k e  t h e  Skylab. 

2 Modular 

S u b s a t e l l i t e s  w i l l  tend t o  higher  A/m. Typical 
3 satel l i tes  today have bulk d e n s i t i e s  of (5-20 l b / f t  , or a 

s p e c i f i c  g r a v i t y  of .1 t o  . 3 .  For a sphere,  f o r  i n s t ance ,  A/m 
would be: 

A _ = - =  3 . 7 5 ~ 1 0 - ~  m 2 / W  m 4pR (Sp. g r a v i t y )  R 

-2 I\ \O.l SPECIFIC 
h 

Q s 

-3 

t I I 
.3 1 3 

RADIUS, m 

*SEE NOTES TO TABLE B-1 
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It  appears poss ib le  by u s i n g  very heavy s t r u c t u r e ,  
which i s  permissible i n  the s h u t t l e  era,  t o  t r i m  sub-satell i tes 
t o  A/m's i d e n t i c a l  w i t h  a parent  vehicle .  

Table B-2 s h o w s  t h a t  o r b i t a l  veloci ty  does no t  vary 
much w i t h  vehicle a l t i t u d e .  
g rad ien t  ca lcu la t ions  are a l so  tabula ted .  

V a l u e s  of w 2  f o r  t h e  g rav i ty  

T a b l e  B-2 

u 2  and v V e r s u s  A l t i t u d e *  

Moon E a r t h  

. 2  
A l t i t u d e  (km) w 2  (s-2) u2 (s-2) v (m/s  1 log v 

1 0  0 
200 
400 
600 
800 

1000 

. 7 9  x 1 . 4 7 ~ 1 0 ~ ~  7 . 8 4 ~ 1 0  7.789 

. 6 7  1 . 4 0  7 .78  7 .782  

. 5 0  1 . 2 8  7 . 6 7  7 .769  

. 3 8  1 . 1 7  7.56 7.757 

. 3 0  1 . 0 8  7 . 4 5  7 .744  
024 .99 7.35 7 . 7 3 3  

* (GM) E a r t h = 3 .  98x1014m3/s2, (GM)Moon=4.902~10~~m~/s~, 
E q u a t o r i a l  E a r t h  r a d i u s = 6 . 3 7 8 x 1 0 6 m ,  Moon r ad ius= l .  738xl06m.  



APPENDIX C 

Solu t ion  

T h i s  appendix shows a method of s o l u t i o n  of the  
d i f f e r e n t i a l  equations,  leading t o  t h e  elemental  t r a j e c t o r i e s  
of t h e  t e x t .  The i n i t i a l  condi t ion vec tors ,  E and C, are 
expressed i n  t e r m s  of i n i t i a l  coordinates  and momenta. 

The z eauat ion  

I t  i s  important t h a t  t h e  in-plane motion decouples 
from t h a t  perpendicular  t o  the o r b i t a l  plane.  
i s  separable ,  and recognized i n  t h e  t e x t  a s  t h e  equation f o r  
simple harmonic motion. 

The.z  equation 

T h e  eaua t ions  i n  t h e  nlane: in t roduct ion  

T h e  components of l o c a l - v e r t i c a l  equation (A-20) and 
(A-21) form a set  of l i n e a r ,  simultaneous,  second order  d i f -  
f e r e n t i a l  equat ions.  
The r e s u l t  w i l l  be t h e  sum of a s o l u t i o n  t o  t h e  homogeneous 
equation ( l i f t  and d r a g f o r c e s  zero) and a p a r t i c u l a r  s o l u t i o n  
of t h e  inhomogeneous equation. T h e  s o l u t i o n  t o  the  homogeneous 
equat ion w i l l  depend on four  scalar or t w o  vec tor  i n t e g r a t i o n  
constants .  

There are w e l l  known methods of so lu t ion .  

The Laplace transformation method is used t o  so lve  
t h e  local v e r t i c a l  equation, ob ta in ing  closed form s o l u t i o n s  
i n  t e r m s  of t h e  t i m e  and t h e  i n i t i a l  condi t ions.  That is, 
t h e  i n t e g r a t i o n  cons tan ts  a r e  V ( 0 )  and c ( 0 ) .  The s i m p l e r  
r ep resen ta t ion  i n  E and C is  then  "recognized".  The case of 
a constant  in-plane force  L i s  solved, although it i s  clear 
t h a t  s o l u t i o n s  can be obtained f o r  fo rces  t h a t  vary i n  t i m e ,  
f o r  ins tance ,  models of s o l a r  pressure  or  a c y c l i c  drag 
force.  , 
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The l o c a l  v e r t i c a l  equat ion i n  t h e  plane is: 

3 O V - h P i r + L  
.. 
v = w  (00) 

I n  t h e  next  s e c t i o n  enough p r o p e r t i e s  of queer 

matrices such as (i 
pu la t ion .  

are def ined  t o  permit a lgeb ra i c  mani- 

Def in i t ions  and Algebra 

I n  Appendix A it w a s  noted t h a t  physics i n  zero-G 
gave a s t rong ly  po la r i zed  view of the world.  The g rav i ty  
g rad ien t  fo rce  and r o t a t i o n  r e s u l t  i n  opera tors  l i k e  

(i :) which are sometimes awkward t o  handle a lgeb ra i ca l ly .  

I n  p a r t i c u l a r ,  ( i  i )  has no inve r se  and has no simple r u l e  of 

commutation w i t h  A ( o t ) .  

For compactness, def ine:  

* = (; :) and Y = (: 01) . 
X can be read, "select t h e  x component of the vec tor . .  . 'I 

X and Y w i l l  be used below when they cause no p a r t i c u l a r  t rouble .  

A better set  when a lgebra  may involve t h e  A ( w t )  is :  

1 = (i 01) , the u n i t  matr ix ,  and 

Q = (-: !) , t h e  queer matrix.  

I = X + Y  r Q = - X + Y ,  

x = 2  ( I - Q )  , and Y = 2 (I+Q). 1 

((2-3) 

Q appears i n  the  s o l u t i o n s  of the  equat ions,  a s  i s  
q u i t e  ev ident  on Figure 1 (following page 1 2 ) .  
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Prope r t i e s  of Q 

Q r e f l e c t s  a vec to r  i n  t he  y a x i s .  

Q i s  i t s  own inverse :  QQ = I. 

Trace Q = 0 and determinant Q = -1. 

Q does n o t  commute with A ( w t )  , bu t  
Q A ( w t )  = A ( - u t ) Q .  

(a) Q commutes w i t h  t h e  u n i t  matrix:  
QI = IQ. 

(b) A ( 8 )  = cos81 + s i n 8 P .  (Note ( 8 )  

Then Q A ( 8 )  = (cos81 - sin8P)Q 

on p. A-4) 

= A ( - 8 ) Q ,  Q.E.-D. 

P rope r t i e s  of X and Y 

(6) X and Y do n o t  commute use fu l ly  with the  
A ( w t ) .  Howeverc from (4) above, and (C-5), 
PX = Y P  and conversely.  

(7) XY = 0; XX = X; XI X; YY = Yr etc. 

( 8 )  Combinations of X and Y have an inverse,  

(ax + by)-' = ( b X  + aY)/ab, afo, bfo, 

[ ax  + by +cP]-l = [bx + a Y  - c P l / ( a b  +C 
2 

(9) 
a # O  
b + O  

LAPLACE TRANSFOFW SOLUTION 

T h e  d i f f e r e n t i a l  equation ((2-11 b-ecomes 

v = 3w2 xv - 2 U P +  + L (C-6) 
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The Laplace transformation of a function V ( t )  is defined: 
W 

v ( s )  = /- eos%(t) dt 
0 

(C-7) 

Familiar Transforms, obtained directly or by integration 
by parts are: 

Transf o m  

a/s 

sv(s)  - V ( 0 )  
2 s V ( s )  - s V ( 0 )  - G ( 0 )  

S I  + UP 
2 (s2 + w ) 

Function 

constant = a 

t 

t2 

sinw t 

cosw t 

V ( 0 )  is the value 
of V(t) at t=O, etc. 

A(wt) = I coswt + P sinwt 

The transformed version of (C-6) is 

2 s 2 V ( s )  - s V ( 0 )  - G(0)  = 3w X V ( s )  - 2 w s P V ( s )  + 2wPV(O) + L/s. (C-8) 

This equation can be solved for V ( s )  

2 2 [ s  (X+Y) - 3w x + 2 w s P ] V ( s )  = ( s+2wP)V(O)  + G ( 0 )  + L/s. 
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Use property (9) to find the inverse of the operator 
on the left; left multiply, obtaining: 

(s2  - 3w2Y - 2wsP)((s+2wP)v(o)+ir(o)+L/s) 
s 2 ( s 2  + w ) 

(C-10) 
2 V(s) = 

The numerator of C-10 is: 

s 3 ~ ( ~ )  + s2+(~) + s [ w 2 ( 4 ~ + ~ ) ~ ( ~ )  - 2 w ~ + ( ~ )  + LI 
3 2 - [6w YPV(0) + 3w2Y+(0) + 2wPLI - 3w YL/s. (C-11) 

Use expansion in partial fracttions to express these 
terms as transforms of tabulated functions. The expansions are: 

- 1 S - - -  1 
w s  2 w2(s2 + w 2 )  2’ s ( s 2  + w ) 

1 1 
2 

= - -  1 
s 2 ( s 2  + w 2 1 w 2 2  s w2(s2 + w 1 

(C-12a) 

(C-12b 1 

(C-12c) S 
2 

- 1 - - -  1 
w4(s2  + w ) 2 3  -4- w s  2 s 3 ( s 2  + w ) w s 
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Terms  can now be co l l ec t ed :  

Transform Function Coef f i c i en t  

sI/(s 2 2  +w ) cos w t  -3XV(O)+2P+(O)/w - (X+4Y)L/w2 (C-13a) 

wP/(s 2 2  +w ) s i n  u t  P 6XV(O)-(4X+Y)P+(O)/w + 2L/w 2 (C- 13b) 

I/s (cons tan t  ( ~ x + Y )  v ( o -2~i7 c o /w + (x+~Y) L/W (C-13c) 

wP/s 2 ( u t )  P -6XV(O)+3XP+(O)/w - 2L/w 2 (C-13d) 

w2/s3 (0 t) 2/2 - 3YL/w 2 (C-13e 

The s o l u t i o n  for  V ( t )  i n  terns of V ( O ) ,  +(O), and L 
can be obtained by adding these  t e r m s ,  mu l t ip l i ed  by t h e  
appropr ia te  func t ions .  

The s i n e  and cosine terms can be w r i t t e n  i n  t e r m s  
of t h e  r o t a t i o n  opera tors  A(w t) and A(-w t) , using t h e  formula 
A ( + w t )  - = C O S 6 1  + - s ineP.  I f  

V = I V  cosot  + PW s i n  u t  

or 

= A ( w t ) D  + A ( - w t ) E  

then ,  

V=D+E D = - (V+W) 2 

W=D-E E = z (v-W) 
and, 

D = [3XV(O) + (-2X+Y)P?(O)/w + (X-2Y)L/w21 

E = 1 [-SXV(0) + (6X+3Y)P$(O)/w t (-3X-6Y)L/w 1 2 
2 

(C-14) 

(C-15a) 

(C-15b) 
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E = -  [-3XV(O) + ( 2 X + Y ) P c ( O ) / w  - (X+2Y)L/o 2 I .  (C-18)  2 
-r 

D and E are r e l a t e d .  Inspec t ion  shows D i s  1/3 the  
magnitude of E ;  and t h e  sign of X i s  changed. That i s ,  
D=(-X+Y)E/3 = QE/3. The t r igonometr ic  p a r t  of t h e  s o l u t i o n  
i s  then:  

c = ( 4 X + Y ) V ( O )  - 2P+(O)/W + (X+4Y)L/w2 (C-19) 

VE = A(wt)QE/3 + A ( - w t ) E  (C-16)  

VE = (I+Q/3) A ( - w t ) E .  (C-17) 

This i s  t h e  "E-type" elementary s o l u t i o n  of t h e  t e x t ,  
with E def ined by (C-15b) o r  somewhat m o r e  nea t ly ,  

The C-type elementary s o l u t i o n  i s  obtained by s e t t i n g  
t h e  cons tan t  t e r m ,  (C-13c), equal  C. P a r t  of t h e  term (C-13d) 
l i nea r  i n  t i m e  i s  r e l a t e d  t o  C. 

3 The opera tor  - 2 X w i l l  convert t h e  V and + c o e f f i c i e n t s  
i n t o  those of C-13d. With t h e  acce le ra t ion  L=O, t h e  complete 
s o l u t i o n  i s  obtained by adding t o  (C-16) t h e  C element, 

3 vc = c - z u t  PXC (C-20) 

= (I - p o t  3 PX)C.  (C-21) 

With constant  fo rce ,  t h e  remaining element is: 

(C-22) 

I n  t h e  t e x t ,  only L = = YL, a drag acce le ra t ion  i s  [:I 
used. The cons tan t  l i f t  case which permits  a veh ic l e  t o  move 
along t r a c k  a t  a constant  v e l o c i t y  a/2w is  also i n t e r e s t i n g .  
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a 

2 ' I  w 

The local v e r t i c a l  genera l  s o l u t i o n  i s  t h e  sum of 
(C-17, C-20, and C-22) : 

(C-29) 
c = (2X-Y)Z(O) -2P i (O) /w  + 2 1 (X+4Y)L 

w 

3 
V ( t )  = (I+Q/3) A ( - w t ) E  + (I-yt P X ) C  

(C-23)  (X+4Y)L - 2 t 2  yL, 
w 2 - tP 

from which equat ion  ( 1 6 )  of t h e  t e x t  may be e a s i l y  w r i t t e n  
down. 

I n e r t i a l  Form 

The va lues  f o r  E and C i n  t e r m s  of Z ( 0 )  and i ( 0 )  are 
obta ined ,  s t a r t i n g  w i t h  Equations C-18 and C-19 and us ing  
t ransformat ions  (A-23) and (A-24)  a t  t i m e  zero. 

(.C-24) 

(c-25)  

(C-18) becomes : 

Simi la r ly ,  (C-19) becomes 

I (4X+Y)Z(O) -2P!Z(O)/w +2PPZ(O) + -ZJ 1 (X+IY)L ((2-28) 
w 
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The forms of the elementary trajectories are obtained 
using the transformation Z(t) = A(wt)V(t). Thus, (C-16) becomes: 

= E + A(2wt)QE/3. (C-30) zE 

(C-21) becomes, trivially, 

(C-31) 

(C-22) becomes, using the case L=YL of the text, 

ZL = A(wt) (C-32) 

The equations of Table I are obtained by substituting 
for P, Q, X and Y. 



APPENDIX D 

Rendezvous Applicat ion 

This appendix i s  a simple e x e r c i s e  t o  show t h e  use 
of t h e  elemental  trajectories i n  rendezvous c a l c u l a t i o n s ,  i n  
p a r t i c u l a r ,  a Hohmann t r a n s f e r  from one c i r c u l a r  o r b i t  t o  
another .  

Local v e r t i c a l  coord ina tes  are used. The t a r g e t  
spacec ra f t  i s  the  o r i g i n ,  a t  A. The a c t i v e  s p a c e c r a f t ,  B, 
l i es  i n i t i a l l y  on an o r b i t  h m e t e r s  below and y ( 0 )  meters 
a f t .  This i s  a C- t ra jec tory ,  and t h e  i n i t i a l  v e l o c i t y  
(Table I) is  3wh/2. 

I 

The f i n a l  p o s i t i o n  w i l l  be a t  A ,  t h e  f i n a l  v e l o c i t y ,  
zero.  

T h e  t r a n s f e r  o r b i t ,  as t ronomical ly  the  e l l i p s e  tan-  
gent  t o  both c i r c u l a r  o r b i t s ,  i s  a mixed C and E t r a j ec to ry - -  
a d r i f t i n g  e l l i p s e .  Because t h e  burns are i n  t r a c k ,  t h e  
e l l i p s e  is t angent  t o  t h e  i n i t i a l  t r a j e c t o r y  and t o  t h e  y a x i s .  

X I  
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I n i t i a l  condi t ion  vec to r s  C and E are as shown. C = ( -h /2 ,y(0) ) .  
E l i es  along t h e  inward r ad ius ;  from t h e  f i g u r e  on page 1 4 ,  
E = (-T, 0 )  f o r  an e l l i p s e  of minor a x i s ,  h. 3h 

3w h I n  the t r a n s f e r  o r b i t ,  t h e  C d r i f t  v e l o c i t y  i s  4. 
The t r a n s f e r  i s  accomplished i n  w t = . r r ,  so  y ( 0 ) - 3 ~ h / 4  and C f o r  
t h e  t r a n s f e r  t r a j e c t o r y  i s  

C = ( -h /2 , -31~h /4 ) .  

(The per iod  of t h e  t r a n s f e r  o r b i t  i s ,  p r e c i s e l y ,  
somewhat s h o r t e r  than  t h a t  of t h e  re ference  o r b i t .  The e r r o r  
introduced using w t  = IT i s  of o rde r  I V l / l D I ,  t h a t  of t h e  
expansions i n  genera l . )  

The r e s u l t s  then follow: 

t 
h 

I 
4 - 37rh 

4 

The e l e v a t i o n  angle  a t  t i m e  of t h e  f i r s t  burn i s  

The v e l o c i t y  p r i o r  t o  burn i s  3wh/2. A f t e r  burn,  it i s  

VE + Vc = w4 IE 1/3 4- Vc = wh + 3wh/4 = 7wh/4. 

.*. t h e  burn magnitude i s  oh/4. 

A t  rendezvous, u t  = r ,  v e l o c i t y  i n  t r a n s f e r  e l l i p s e  i s  

VE -I- vc = - wh -I- 3h/4 = - wh/4 
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Since v e l o c i t y  i s  zero a f t e r  t h e  f i n a l  burn 

.'. the  burn magnitude i s  a l s o  wh/4 

(Raising an o r b i t  h fee t  takes  near ly  t h e  same AV a t  both 
Earth and Moon.) 

( 4 )  The l o c a l  v e r t i c a l  equat ion can be used t o  obta in  

A 

S u b s t i t u t i n g  w t  = IT-0 and expanding 

V ( 0 )  = a (-i2], a pa rabo l i c  behavior f o r  t h e  l a s t  

f e w  t e n t h s  of a rad ian  p r i o r  t o  rendezvous. 

(5 )  As a conceptual a l t e r n a t e ,  t h e  veh ic l e  could apply cons tan t  
track t h r u s t ,  and fol low t h e  drag 
t r a j e c t o r y  and approach d i r e c t l y  
from below. I t  can be shown 

t h a t  t h e  AV appl ied i n  t r a c k  i s  t h e  t o t a l  Hohmann AV, oh/2. 
The r a d i a l  v e l o c i t y  must be pu t  i n  and taken ou t  again.  I t  
i s  seve ra l  times l a r g e r  but  decreases  as t h e  rendezvous i s  
slowed down. 
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( 6 )  A s  another  a l t e r n a t e ,  t h e  co-periodic  e l l i p s e  of minor 
ax is  2h can be used, and allows 

)e---- \ 

-% approach d i r e c t l y  from below. 0 
\ 
\ 
\ 

\ 

AVl = 2wh - 3wh/2 = wh/2 ( i n  t rack)  

AV2 = w h  ( radial  only; t r a c k  component 
z e r o ) .  

I n  t h i s  case t h e  pena l ty  above the  Hohmann i s  2 X  a d d i t i o n a l .  

( 7 )  There c l e a r l y  i s  a converse case t o  ( 6 )  where an approach 
i n  track i s  made. This i s  enough t o  demonstrate t h a t  t h e  
elemental  trajectories are easy t o  use. 



APPENDIX E 

E s t i m a t e s  of Spacec ra f t  Motions 

This appendix b r i e f l y  covers t h e  e f f e c t  of 
s p a c e c r a f t  motions on the i d e a l i z e d  p i c t u r e  of p a r t i c l e  motion 
i n  a spacec ra f t .  The au thors  are indebted t o  s e v e r a l  members 
of t h e  Skylab Systems Analysis Department a t  Bellcomm f o r  
inpu t s ,  p a r t i c u l a r l y ,  P. G. Smith and W. W .  Hough. 

(6) per tu rba t ions  due t o  p r e d i c t a b l e  vehicle dynamics, and g ives  
estimates of t h e  l i n e a r  a c c e l e r a t i o n s  of t h e  s p a c e c r a f t  
s t r u c t u r e  i n  t h e  crew q u a r t e r s .  For ins tance ,  a Skylab 
changing from i n e r t i a l  t o  local  ve r t i ca l  a t t i t u d e  has an 
angular  v e l o c i t y  comparable with t h e  o r b i t a l  rate, w ;  i n  t h e  
crew q u a r t e r s ,  a t  a r ad ius  of approximately t e n  meters from 
t h e  c e n t e r  of g r a v i t y ,  t h i s  g ives  a d d i t i o n a l  a c c e l e r a t i o n s  
of o rde r  10-6g, the same as g r a v i t y  g rad ien t .  
t h r u s t e r s  cause b r i e f  a c c e l e r a t i o n  pu l ses ,  es t imated  a s  
2 x 10-3g. 
t i m e s ,  and t h e  e f f e c t i v e  a c c e l e r a t i o n  l e v e l s  i n  t h e  crew 
q u a r t e r s  are smaller, somewhat under 10-4g, maximum. 

W . W .  Hough has  w r i t t e n  a good t reatment  of t h e  

A t t i t u d e  c o n t r o l  

T h e  Control  Moment Gyro system ope ra t e s  over longer  

Clear ly  body-mounted o b j e c t s  w i l l  perce ive  accelera- 
t i o n s  of t h i s  magnitude, more o r  less modified i n  accord with 
t h e  normal modes of v i b r a t i o n  of t h e  s p a c e c r a f t  and t h e  
p a r t i c u l a r  resonances of t h e  a t tach ing-  s t r u c t u r e .  
observer is f i x e d  t o  t h e  spacec ra f t ,  a free p a r t i c l e  w i l l  show 

I f  t h e  

corresponding, apparent  acce le ra t ions .  

The s i g n i f i c a n c e  of these a c c e l e r a t i o n s  t o  experimental  
design depends on d is turbance  s i z e .  Major maneuvers such as 
o rb i t  change or a t t i t u d e  change must be  l i v e d  with.  N o  "zero-G" 
experiment can be performed during launch phase; t h e  more sens i -  
t i v e  experiments must be  restricted to  t i m e s  when t h e  veh ic l e  i s  
he ld  s t a b l e .  

With major maneuvers excluded, t h e r e  is a motional 
environment, comprising a v i b r a t i o n  spectrum and c e r t a i n  low 
frequency motions due t o  t h e  a t t i t u d e  c o n t r o l  cyc le ,  a s t r o n a u t  
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motion, s t a r t i n g  UP of equipment, and so fo r th .  I f  s e n s i t i v e ,  
experiments must be i s o l a t e d  from t h i s  environment. Because 
t h e  motions are l a r g e l y  c y c l i c ,  and because t o t a l  displace-  
ments a r e  small ,  t h e  requirements on v i b r a t i o n  i s o l a t o r s  do 
n o t  appear severe.  

The displacements may be est imated,  and amount a t  
most t o  s e v e r a l  cen t ime te r s .  Vibra t iona l  amplitudes should 
t y p i c a l l y  be w e l l  under a cent imeter ,  even f o r  l o w  frequency 
modes. Gross s p a c e c r a f t  motions may be r o t a t i o n a l ,  o r  t r ans -  
l a t i o n a l .  I f  r o t a t i o n a l ,  t h e  displacement a t  a work p o s i t i o n  
i s  R e ,  R being t h e  d i s t ance  from t h e  C.G. and 8 t h e  angular  
motion. Conventional t h r u s t e r  s t a b i l i z a t i o n  with,  f o r  ins tance ,  
a 5-degree deadband, is  a major maneuver. The displacement a t  
a 1 0 - m e t e r  rad ius  is  1 meter. Half degree deadband is  a l s o  
a v a i l a b l e  on Apollo, and is  more prac t ica1 ,wi th  1 0  c m  d i sp lace-  
ments a t  1 0  meters and much smaller  near  t h e  C.G. "Zero-G" 
experiments on t h r u s t e r  con t ro l l ed  s p a c e c r a f t  are probably b e s t  
performed without  a t t i t u d e  con t ro l ,  a t  r o t a t i o n a l  rates such t h a t  
c e n t r i f u g a l  acce le ra t ions  are small .  ( T h i s  opt ion i s  no t  
necessa r i ly  a v a i l a b l e  on mul t id i sc ip l ina ry  f l i g h t s )  

Control Moment Gyros as used on Skylab are s p e c i f i e d  
t o  maintain o r i e n t a t i o n  wi th in  4 t o  1 0  arc minutes depending on 
ax i s .  Nominal performance should be measured i n  arc seconds. 

I P. G. Smith ca l cu la t ed  f o r  us  the angular  displacement r e s u l t i n g  
as an a s t ronau t  jumped from one s i d e  of t h e  Skylab t o  t h e  o the r .  
This is  a moderate leap ,  tak ing  9 . 5  seconds t o  c ros s  t h e  22-foot 
( r ~ 7 m )  diameter.  The maximum devia t ion  of t h e  Skylab w a s  
es t imated t o  be 80 arc seconds. This would correspond a t  
R = 1 0 m  t o  a 4mm displacement.  

Trans la t ion  d is turbances  a r e  easy t o  estimate. The 
system C.G. is  i n v a r i a n t .  When the  a s t ronau t  of mass m moves 
S meters, the s t a t i o n  of mass M must move -(m/M)S meters t o  
compensate. I f  t h e  a s t ronau t  weighs lOOKg and t h e  s t a t i o n  
1 0  K g ,  m/M is  .001. Therefore,  when t h e  as t ronaut  moves 22  
f e e t  ( 7 m )  t h e  s t a t i o n  must react, moving 7mm. Since t h e  length  
of Skylab-CSM hab i t ab le  area approaches 20m, maximum displace-  
ments of s eve ra l  cent imeters  are poss ib le .  I t  should, of 
course,  be poss ib l e  t o  reduce crew a c t i v i t i e s  during c r i t i ca l  
experiments. 

5 

Tenta t ive  conclusions a s  regards  observat ions of 
p a r t i c l e  motion and zero-G experiment design a r e  a s  follows 
( t h e s e  are drawn only from t h e  e f f e c t  of spacec ra f t  and c r e w  
d i s turbances)  : 
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(1) Major maneuvers must be treated separa te ly .  The 
s u b s a t e l l i t e  w i l l  appear t o  change i t s  o r b i t ;  t h e  
experiment w i l l  no t  be scheduled, and t h e  appara- 
t u s  w i l l  be stowed o r  caged as appropriate .  

( 2 )  Thruster  c o n t r o l  w i l l  be inappropr ia te  fo r  a class 
of zero-G experiments. There w i l l  be 
exceptions; it is  p l a u s i b l e  t h a t  an environment 
involving inf requent  pu lses  of 10m3g i s  acceptable ,  
a t  least  f o r  exploratory s t u d i e s .  

( 3 )  C.M.G. a t t i t u d e  con t ro l  is  prefer red .  Also, the  accel-  
e r a t i o n  environment i n  a slow r o l l  may be acceptable.  

( 4 )  Vibrat ion i s o l a t i o n  i s  requi red  f o r  zero-G experiments. 
T h e  suspension system should be s o f t ,  t h a t  is ,  apply 
r e s t o r i n g  acce le ra t ions  weakly dependent on displace-  
ment. Given C . M . G . ' s ,  a working d i s t ance  of seve ra l  
cent imeters  should adequately i s o l a t e  t h e  experimental  
apparatus  from m o s t  spacec ra f t  dis turbances.  

due t o  spacec ra f t  dis turbances.  With C.M.G. ' s ,  
displacements from t h e  nominal path should r a r e l y  
exceed a centimeter.  

(5 )  Observations of par t ic le  motion w i l l  contain noise  






